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ABSTRACT 

OPTICAL DIRECT DETECTION OF THERMAL VIBRATIONS 

OF ULTRALOW STIFFNESS MICRO-NANO STRUCTURES 

Sri Sukanta Chowdhury 

July 23, 2019 

A direct detection optical vibrometer is constructed around an 850 nm laser and a 

quadrant photodetector (QPD). The limit of detection is 0.2 fW which corresponds to a 

minimum amplitude of 0.1 Å. 

The vibrometer is used to measure the thermal vibration spectra of low stiffness 

micromechanical structures have nanometer features. One structure measured is a 

cantilevered 30 μm diameter glass fiber. Vibration amplitudes as low as 1.1 Å are 

measured.  The thermal vibration spectra show fundamental resonances at 80-250 Hz and 

a signal to noise ratio (SNR) of 23-55 dB. Young’s modulus of glass in the cantilevers, 

estimated from the spectra, agree to within 3 % of the manufacturer’s value, which is 

somewhat more accurate than force-elongation measurements made of 50-100 mm long 

fibers which differ by 5 %. 

Mass changes due to adhering small drops of liquids to the tip of the fiber 

cantilevers shifts the resonant frequency with a sensitivity of 120 ng. The mass detection 

limit would decrease by 2-3 orders by increasing the length of the time series data.
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The intended purpose of the vibrometer development is the measurement of the 

thermal vibration of polymer bead-on-string (BOS) fibers with enough sensitivity to detect 

time-varying changes in the spectra that relate to molecular-level and temperature 

dependent changes, such as evaporation, solidification, crystallization and strain-

dependent chain reorganizations of the polymer material. Time dependent variations in the 

BOS spectra are observed in vibrometer measurements that, if attributable to material 

properties, would represent 2.5-5.2 % change in elastic modulus, 20-40 % loss in water 

mass due to evaporation, with the minimum detectable change in these properties being 

0.06 % for the measured spectra.  The vibrometer provides an important tool for the real-

time study of changing properties of BOS fibers, as well as other low stiffness 

microstructures, especially those composed of polymers and other soft mater.
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CHAPTER 1  

INTRODUCTION 

Nanomechanics, a branch of nanoscience, is the study elastic, thermal and kinetic 

properties of physical systems at nanometer scale resolution. It can be used to measure and 

understand the various bulk and molecular scale properties. Every physical object 

mechanically vibrates at varying frequencies.  The vibration amplitude might be below a 

limit of detection, but structures of low enough stiffness can produce detectable vibrations 

without no other excitation than naturally occurring white thermal noise. The vibrations 

are considered to be an example of Brownian motion, but a generalized description of the 

excitation is “thermal fluctuations” or in the case of mechanical motion, thermal vibrations. 

The vibration spectra of an object depends on its shape, how it is mechanically supported 

and its mechanical material properties (e.g. elastic modulus and loss tangent). Any changes 

in an object’s material properties due to changes in temperature, pressure, chemistry, 

internal stress or molecular reorganizations, e,g, phase transformations, are reflected as 

changes in the vibration spectrum. 

The goal of this research is to develop and demonstrate a system that is sensitive 

enough both to measure viscoelastic properties of nanostructures, and to detect changes in 

these properties over time. Of particular interest is developing a system that is sensitive 

enough to detect the changes as liquid polymers self-assemble into high aspect ratio 
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structures. The structures are referred to as bead-on-a-string (BOS) fibers which consist of 

a polymer material that is organized (as the result of a type of capillary-force directed self-

assembly) as small diameter fibers decorated with large diameter spheres. Dimensions of 

the BOS structures fabricated for this study are around 50-300 nm diameter by 1 mm long 

for the fiber with 1-10 beads of 5-25 micron diameter. The very high aspect ratio (Sec. 2.2) 

of the fiber (1667-20,000) corresponds to very low bending stiffness (0.438 nN/m - 4.73 

μN/m), and the large diameter of the beads, simplifies visualization and sensing of 

vibration of the structure. 

1.1 Motivation 

The viscoelastic properties of polymers are highly dependent on temperature[1], as 

shown in Fig. 1.1.  The modulus changes by many orders of magnitude with temperature 

over the four regimes indicated on Fig. 1.1. 
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Below the glass transition temperature (at the knee between glassy and transition 

regimes—located at the intersection with the upper dashed line in Fig. 1.1), thermal 

fluctuation energy is much lower than the potential energy barrier required to displace a 

portion of any polymer chain, which corresponds to the high elastic modulus of the glassy 

regime. At higher temperatures where the thermal energy is comparable to the potential 

barrier energy, the chain segments can move and displace, corresponding to resilient 

leather-like characteristics of a polymer in the transition regime. The rubbery plateau is 

drawn for linear polymer chains.  The polymer can partially recover from stretching (i.e. 

visco-elasticity, where it exhibits some viscous flow and some elastic recovery/memory). 

At higher temperatures the polymer flows as a viscous liquid.  If the polymer is crosslinked 

(the dashed line as level E2), the polymer never flows and the polymer (ideally) completely 

Figure 1.1. Modulus-temperature curve of polymers. Image from [1] 
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recovers after being stretched (full elastic recovery).  The rubber plateau ideally extends to 

infinite temperature (though in reality, the upper limit is set by the decomposition 

temperatures of the polymer and crosslinks). Note that the curve in Fig. 1.1 is drawn 

specifically for amorphous polymers. But many polymers can be partially crystallized (the 

degree of crystallinity depends on cooling rate and addition of impurities), and these 

crystallites can act as physical crosslinks that convert a polymer into an elastomer, that is 

identical to a rubber made by chemical crosslinking. For polymers that are not crosslinked 

the rubbery plateau corresponds to “temporary crosslinks” or “entanglements” between 

polymer chains.  The entanglements provide the elastic memory for temperatures lower 

than the rubbery flow region.  In the rubbery flow region, the time of entanglement is short 

enough that viscous flow dominates over elastic recovery, that is the viscoelastic material 

is more viscous than elastic, while in the rubbery plateau region, the material is more elastic 

than viscous.  Longer chains (corresponding to high molecular weight polymer) take longer 

to disentangle than shorter chains which extend the rubbery plateau and rubbery flow 

region to higher temperatures. Therefore, the mechanical properties of a polymer vary to a 

large degree on crosslink density, percent crystallinity and molecular weight. 

Both the temperature and chemical reactions that produce changes in polymers and 

the crosslinking, can dramatically change the material properties leading to significant 

changes in the vibration spectra of BOS structures.  In this study we want to develop an 

instrument that is capable of sensing these changes.  Even more dramatic changes in 

material properties occur as the BOS structures self-assemble from a solution that is 

initially mostly water and a few percent polymer.  Initial BOS structure becomes evident 
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around one second, and may be difficult to track, but during later stages additional 

information about that material changes as the BOS fiber dries and fully solidifies would 

be interesting to measure and study with the proposed vibrometer.       

1.2 Hypothesis, objectives, significance 

The hypothesis of this study is that a “direct detection” (see Sec. 2.6.1) optical 

vibrometer can measure changes in vibration spectral amplitude, resonance frequency and 

damping of BOS structures with enough sensitivity, resolution and accuracy to be able to 

track vibration changes due to changes in the material properties of the polymer comprising 

the BOS.  

The study objectives are: 

1. Develop a direct detection optical vibrometer capable of measuring BOS

vibration amplitudes from 1 to 50 nm. 

2. Evaluate the sensitivity of the vibrometer using rather ideal microobjects,

specifically cantilevered glass microfibers of similar stiffness and cross-

sectional size as the bead on BOS fibers. 

3. Demonstrate that the vibrometer sensitivity is sufficient to measure changes in

the vibrational spectra of the BOS due to changes in material properties, e.g. 

temperature and drying induced changes.  

The significance of the study (if successful) is the development of measurement 

instrumentation and techniques that can probe temperature and environmentally dependent 

properties of materials comprising nanomechanical structures.  The results could be 

directly applied to better understand and control of the BOS self-assembly process, as well 

as understanding of how to control fabrication of other polymer structures. An additional 
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use of the vibrometer is in sensing changes to the vibration properties of nanomechanical 

structures due to external effects, such as mass loading by adsorbed chemicals.  That is to 

say, the vibrometer used with an appropriate nanomechanical structure, has potential uses 

as a sensor.
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CHAPTER 2  

VIBRATION AND MEASUREMENTS OF NANOMECHANICAL STRUCTURES 

2.1 Introduction 

This chapter presents theories of vibration relevant to high aspect ratio, low-stiffness 

structures, e.g. the glass microfibers and BOS fibers of Chapters 5 and 6.  The vibration 

spectra resulting from Brownian motion are of particular interest, and discussion is 

included on distinguishing this noise process from inherent photodetection noise. This 

chapter includes a review of the types and performance of various position sensors. 

Figure 2.1. Self-assembly of BOS structures. (a) from saliva and (b) a PEO-water-

glycerol solution. The sequential time-lapse image in (b) are at 25 fps. Beads of three 

sizes from, with each smaller set of beads forming at increasingly later times. Images 

from [2]  
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2.2 Introduction to BOS fiber 

Beads on a string (BOS) fibers automatically form (i.e. self-assemble) in response to 

rapid stretching of a viscoelastic liquid into a thread. The structure consists of near 

spherical shaped beads along an otherwise very thin fiber (i.e. string). These beads can all 

be of the same size, or they can have multiple distinct sizes, with each set of smaller beads 

forming successively later times. (See Fig. 2.1 which has 3 or 4 bead sizes).  The most 

complete model of the conditions that produce BOS structures is in Bhat et al.[2] which 

provides a phase map of the different structures formed in terms of several dimensionless 

parameters that describe the relative sizes of capillary, viscous, elastic and inertial forces. 

If the viscosity is too high, the hourglass shaped liquid bridge will not thin and transform 

into a fiber. If the viscosity is too low the fiber will continue to rapidly thin and ultimately 

break.  At low viscosities polymer chain entanglement can arrest fiber breakup, resulting 

in a thin, near uniform diameter fiber.  Or if the liquid thread is rapidly stretched 

longitudinally, the polymer chains can be initially stretched and entangled.  Then, the 

chains try to relax resulting in thinning fibers in some regions and thickening into beads in 

other regions.  Eventually the fiber thinning is arrested.  Then at later stages, the polymer 

chains in the fiber segments can relax further, resulting in smaller beads and fibers.  This 

repeated process is referred to as “iterated stretching.”  Fibers can still thin to breakup, 

corresponding to a transition from the rubbery plateau to the rubbery flow region of Fig. 

1.1.  However, because the polymers used in this study are suspended in a volatile solvent 

(water), the polymer fiber can dry and solidify before breaking. 

2.3 Lumped element model of vibrations of structures 

Distributed structures (including the BOS and the cylindrical fibers in Chs. 5.6) 

exhibit numerous modes of vibration that resonate at several natural frequencies. The 
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lowest frequency 𝑓0 is the fundamental, and the higher frequencies are referred to as 

harmonics where 𝑓2 > 𝑓1 > 𝑓0,  etc. with 𝑓1 referred to as the first harmonic. Around each 

resonance frequency the vibration of distributed structures is usually well modeled (for 

non-degenerate modes) as a second order lumped element system (Fig. 2.2) consisting of 

a mass (that stores kinetic or inertial energy), a spring (that stores potential energy) and a 

damper (that dissipates energy.) [3] 

The extension x of a spring to a force F is 

𝐹 = 𝑘𝑥  (2.1) 

where k is the spring constant.  The acceleration 𝑎 =
𝑑2𝑥

𝑑𝑡2
 of a mass m to a force F is 

𝐹 = 𝑚𝑎        (2.2) 

where acceleration a is the second derivative of x.  The velocity 𝑣 =
𝑑𝑥

𝑑𝑡
 of a damper to a 

force F is 

𝐹 = 𝛾𝑣  (2.3) 

Figure 2.2 Lumped element model of a BOS fiber 

𝛾 
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where γ is the damping coefficient. 

The combined response of the mass-spring-damper system in Fig. 2.2 to the applied 

force is the sum of the force (eqs. 2.1 -2.3) responses of the mechanical element gives 

𝑚
𝑑2𝑥

𝑑𝑡2
+ 𝛾

𝑑𝑥

𝑑𝑡
+ 𝑘𝑥 = 𝐹  (2.4) 

which is a second order linear differential in x. 

When the driving force F is an impulse, the solution of eq. 2.4 takes two different 

forms depending on if it is underdamped or overdamped. For the low damping or 

underdamped case, where γ2<4mk, the displacement is 

𝑥(𝑡) =
𝐹

𝑘
[1 −

sin(𝜔𝑡 + 𝜙)

sin𝜙
exp (−

𝑡

𝜏
)]  (2.5) 

where  

𝜏 =
2𝑚

𝛾
  (2.5a) 

𝜔2 = 𝜔0
2 −

1

𝜏2
 (2.5b) 

and 

𝜔0
2 =

𝑘

𝑚
 (2.5c) 

where 𝜏 is the decay rate, 𝜔0 is the natural frequency, and 𝜔 is the frequency of 

oscillation. The displacement amplitude is sinusoidal with an exponentially decaying 

envelope that decays more rapidly with increased damping coefficient  (see eq. 2.5a). 

For high damping where γ2 >4mk the solution of eq. 2.4 is 

𝑥(𝑡) =
𝐹

𝑘
[1 −

𝜏1
𝜏1 − 𝜏2

exp (−
𝑡

𝜏1
) +

𝜏2
𝜏1 − 𝜏2

exp (−
𝑡

𝜏2
)]  (2.6) 

where 

𝜏1 =
𝛾+√𝛾2−4𝑚𝑘

2𝑘
  (2.6a) 
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and 

𝜏2 =
𝛾−√𝛾2−4𝑚𝑘

2𝑘
  (2.6b) 

This overdamped solution exhibits no sinusoidal ringing. Instead it is a constant 

plus the sum of two exponentials.  One exponential decays with the long relaxation time 1 

of the spring and damper, and a fast time constant 2, that corresponds to the acceleration 

of the mass to a velocity ~F/γ. 

Equation 2.5c gives the fundamental natural frequency but resonance can occur at 

other natural frequencies as well. Beam bending is well represented by a forth order partial 

differential equation (sec.2.4) which has several resonances which (if non-degenerate) can 

be represented around the resonant peak by the spectrum of lumped element model (eq. 

2.4). The solution of the partial differential equation for a cantilevered beam with a uniform 

density cross section (Fig. 2.3) gives resonance frequencies of 

Figure 2.3. A fixed-free cantilever beam 
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𝜔𝑛 = 2𝜋𝑓𝑛 = 𝐴𝑛√
𝐸𝐼

𝑚𝐿3
 (2.7) 

where, E is the modulus of elasticity of the material, 𝜔𝑛 is angular natural 

frequency of nth mode,  𝐼 is the moment of inertia, m is the mass and L the length of the 

beam. The values of 𝐴𝑛 and hence the resonance frequencies are not harmonically related 

as shown in Table 2. [3]. 

Table 2.1 

Modal frequency scale factors 𝐴𝑛 (for 𝑓𝑛−1 = 𝐴𝑛𝑓0) for various beam support 

conditions[4] 

Boundary Condition Mode 1 (f0) Mode 2 (f1) Mode 3(f2) 

Fixed-Free 3.52 22.0 61.7 

Hinged-Hinged 9.87 39.5 88.9 

Fixed-Fixed 22.4 61.7 121.0 

Free-Free 22.4 61.7 121.0 

Fixed-Hinged 15.4 50.0 104.0 

Hinged-Free 15.4 50.0 104.0 

Cantilevers (i.e. single end supported structures), can be modeled as a fixed-free 

system whereas, a BOS that is supported at both ends, is more appropriately modeled as a 

fixed-fixed system. The fixed boundary condition is defined as a condition where there is 

neither vertical nor horizontal movement of the structure at the support, while for the free 

condition, the end of the structure is not supported. The hinged-hinged boundary condition 

is considered as an intermediate support between fixed and free conditions. The hinged 

condition permits movement of the structure in both horizontal and vertical directions but 

the degree of the movement is smaller than for the free condition. 
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If the harmonics of a structure are well separated and non-overlapping, it is 

reasonable to model each resonance as a second order system. The spectrum of a second 

order system driven by white thermal energy, of RMS amplitude 𝑥̅ is 

𝑆𝑥(𝑓) =
𝑥̅2/(𝜋𝑄𝑓0)

(1−(
𝑓

𝑓0
)
2
)
2

+(
𝑓

𝑄𝑓0
)
2

(2.8) 

where 

𝑓0 =
1

2𝜋
√𝑘/𝑚 (2.9) 

is the resonance frequency of the vibration. At resonance the spectral amplitude is 

maximum. The sharpness of the resonance is typically characterized by the “quality factor” 

𝑄 = 2𝜋𝑚𝑓0/𝛾, which is also defined as 

Q=
𝑓0

∆𝑓
(2.10) 

where ∆𝑓 is the bandwidth between the half-power points (Figs. B1-B3 of Appendix B). 

2.4 Relating the lumped element model to distributed mechanical structures 

Under the assumptions of small deflection and no mass loading, the equation of the 

motion of a homogenous beam with density 𝜌𝑠, length l, width b and thickness d can be 

written as[5] 

𝐸𝐼

𝑙4
𝜕4𝑦(𝜂, 𝑡)

𝜕𝜂4
+ 𝑐1

𝜕𝑦(𝜂, 𝑡)

𝜕𝑡
+ (𝜌𝑠𝐴 + 𝑐2)

𝜕2𝑦(𝜂, 𝑡)

𝜕𝑡2
= 0  (2.11) 

where η=x/l is the normalized length parameter (where x is position along the length of the 

beam), and c1=β1/l is the dissipative drag parameter per unit length, c2=β2/l is the inertial 

drag parameter per unit length and A=bd is of cross sectional area. Drag force is the 

dissipative force of a vibrating beam from the fluid surrounding the medium. Drag force is 
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the dissipative force of a vibrating beam from the fluids surrounding the medium (such as 

air or water). For a beam velocity of 𝑢 = 𝑢0𝑒𝑥𝑝
−𝑗𝜔𝑡 the drag force can be expressed as[6] 

𝑃 = 𝛽1𝑣 −
𝛽2𝑢

𝜔
                                                           (2.12) 

Where, β1 and β2 are two real constants. The first part of this drag force is 

proportional to the velocity of the vibrating beam and called the dissipative drag force. This 

part is responsible for the energy dissipation of the beam. The second part depends on the 

acceleration of the beam and hence called the inertial drag force. The resonance frequencies 

for the beam are  

𝜔𝑑𝑛 = [
𝐸𝑙𝐴𝑛

4

(𝜌𝑠𝐴 + 𝑐2)𝑙
4
−
1

4
(

𝑐1
(𝜌𝑠𝐴 + 𝑐2)

)
2

]

1
2⁄

                  (2.13) 

Here, An is a constant that depends on the mode of vibration.  It also varies with the 

width and the length of the vibrating beam. 

For vibration in gas, dissipation represented by c1 is very small and this term can 

be dropped. Moreover, if 𝜌𝑠𝐴 is much larger than 𝑐2, equation 2.12 simplifies to  

𝜔𝑑𝑛 = 𝜔𝑛 (1 −
1

2

𝑐2
𝜌𝑠𝐴

)                                             (2.14) 

where, ωn =2πfn is the undamped resonance frequency of the beam (eq. 2.7).  

Q is derived from the stored energy (𝑈𝑖) and the dissipative energy (𝑈𝑑) of the beam 

as [3]  

𝑄 =
2𝜋 ∗ (𝑠𝑡𝑜𝑟𝑒𝑑 𝑣𝑖𝑏𝑟𝑎𝑡𝑖𝑜𝑛 𝑒𝑛𝑒𝑟𝑔𝑦)

𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑒𝑑 𝑒𝑛𝑒𝑟𝑔𝑦 𝑝𝑒𝑟 𝑐𝑦𝑐𝑙𝑒
=
2𝜋𝑈𝑖
𝑈𝑑

      (2.15) 

The solution can be written in the form  

𝑦(𝜂, 𝑡) = 𝜔(𝜂)𝑌(𝑡) = 𝜔(𝜂)𝑒𝑥𝑝𝑗𝜔𝑡                          (2.16) 

Providing a separation of variables  
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and 

𝑈𝑖 = (𝑈𝑘𝑖𝑛𝑒𝑡𝑖𝑐)𝑚𝑎𝑥

= ∫
1

2
𝑙

1

0

(𝜌𝑠𝐴 + 𝑐2) |(
𝜕𝑦(𝜂, 𝑡)

𝜕𝑡
)

2

|

𝑚𝑎𝑥

𝑑𝜂 

=
1

2
𝑙(𝜌𝑠𝐴 + 𝑐2)𝜔

2∫ 𝜔2(𝜂)𝑑𝜂  (2.17)
1

0

 

Energy dissipated per cycle, is the product of dissipative part of the drag force P 

and velocity u 

𝑈𝑑 = ∫ 𝑃𝑢 𝑑𝑡 = ∫ ∫ 𝑙𝑐1 (
𝜕𝑦(𝜂, 𝑡)

𝜕𝑡
)

2

𝑑𝑡 𝑑𝜂
𝑇

0

1

0

𝑇

0

  (2.18) 

Using these results in eq (2.15) gives 

𝑄 =
2𝜋
1
2 𝑙(𝜌𝑠𝐴 + 𝑐2)𝜔

2 ∫ 𝜔2(𝜂)𝑑𝜂
1

0

𝑙𝑐1𝜔2 ∫ 𝜔2(𝜂) ∫ 𝑐𝑜𝑠2𝜔𝑡 𝑑𝑡 𝑑𝜂
𝑇

0

1

0

 (2.19) 

with the condition c2 <<ρsA, equation (2.19) simplifies to 

𝑄 =
𝜌𝑠𝐴𝜔

𝑐1
 (2.20) 

where 𝜔 = 𝜔𝑑𝑛 of eq.2.14. 

2.4.1 Dependence of Q on air pressure 

Q usually decreases with increasing air pressure. In equation 2.13, two factors c1, 

and c2 strongly depend on surrounding pressure. Pressure dependence can be classified into 

three regimes, intrinsic, molecular and viscous. [7] 

Since damping due to various factors in all three contributions are proportional to velocity, 

then all the factors cause damping can be added together to calculate the net damping. If 
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Fa, Fb, Fc… are the individual damping forces at any of the three pressure regimes, then 

equation of net damping in that specific regime is 

𝐹 = 𝐹𝑎 + 𝐹𝑏 + 𝐹𝑐 … 

= (𝛽𝑎1 + 𝑗𝛽𝑎2)𝑢 + (𝛽𝑏1 + 𝑗𝛽𝑏2)𝑢 + ⋯ 

= ((𝛽1 + 𝑗𝛽2)𝑢)  (2.21) 

Now, in the calculation of the net quality factor, we are only interested in the dissipative 

parts of the drag forces. And the net quality factor Q for these combination of damping 

contributions can be calculated by using eqs. 2.15, 2.18 and 2.21 as 

1

𝑄
=
1

𝑄1
+
1

𝑄2
+
1

𝑄3
… .=∑

1

𝑄𝑖
 (2.22)

𝑖
 

2.1.1.1 The intrinsic regime 

The intrinsic regime corresponds to pressures between 10-2-1 Pa. When the air 

pressure is extremely low there will be collisions between the vibrating structure and the 

molecules of the fluid; hence, damping would be extremely small compared to the intrinsic 

damping (c1) of the vibrating object. The damping factor c1 and the quality factor do not 

depend on the air pressure or beam geometry. At this region, the damped resonance 

frequency 𝜔𝑑𝑛 becomes equal to the undamped natural frequency 𝜔𝑛 (See eq. 2.14). 

2.1.1.2  The molecular regime 

When the air pressure is between 1-100 Pa, then the system is in the molecular 

region. In this region individual nonreactive air molecules collide with the vibrating beam 

and contribute to damping. The drag force in this region can be calculated using the kinetic 
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theory of gases. For a vibrating rectangular beam, the damping parameter c1 is directly 

proportional to the air pressure P and the beam width b such that 

𝑐1 = 𝑘𝑚𝑏𝑃  (2.23) 

where the proportionality constant is 

𝑘𝑚 = (
32𝑀

9𝜋𝑅𝑇
)

1
2⁄

 (2.24) 

where M is molecular mass of the gas molecules, R is the ideal gas constant, and T is the 

absolute temperature in Kelvin. 

In this region the inertial parameter c2 is also zero. Using Eqs.2.14, 2.20 and 2.23, Q 

combines to give 

𝑄 =
𝐴𝑛
2

𝑘𝑚𝑃
(
𝑑

𝑙
)
2

(
𝜌𝑠𝐸

12
)

1
2⁄

 (2.25) 

2.1.1.3 The viscous region 

The experiments in this study are in this regime which obtains to pressures greater 

than 100 Pa. In this region damping is mostly due to the viscous drag of air. The drag force 

can be calculated by means of fluid mechanics. Since the velocity of a vibrating beam in 

air is always less than the velocity of the sound in air, the air can be modeled as 

incompressible medium. 

If µ is the dynamic viscosity of air with a density of 𝜌0, then the continuity equation 

for the velocity field u(x,y,z,t) of air (Using the Navier-Stokes equation[6]) is 

𝜕𝑢

𝜕𝑡
+ (𝑢. ∇)u = −

1

𝜌0
 ∇𝑃 +

𝜇

𝜌0
∆𝑢,  (2.26) 



18 

∇. 𝑢 = 0  (2.27) 

Equations (2.26) and (2.27) are helpful to solve the velocity of ideal structures; 

however, getting the velocity gradient analytically around a vibrating beam is extremely 

difficult. There are simpler methods like the one developed by Kokubun et al.[8-11]. They 

modeled a vibrating tuning fork as a string of small spheres. If these spheres are at infinite 

distance (to avoid Coulomb’s and gravitational forces) from each other and vibrate 

independently, the resulting drag force of all the individual spheres is the net drag force on 

the vibrating tuning fork. H. Lamb also proposed a simplification[12] in which he 

approximated the drag force on a moving disk as the drag force on a sphere to model the 

vibration of cantilever. The solution of eqs. 2.26, 2.27 for Reynolds number Re<200 for a 

sphere gives a drag force of eq. 2.9 with[6] 

𝑐1 = 6𝜋µ𝑅 (1 +
𝑅

𝛿
)  (2.28) 

𝑐2
𝜔
=
2

3
𝜋𝑅3𝜌0 (1 +

9

2

𝛿

𝑅
)  (2.29) 

where 

𝛿 = (
2µ

𝜌0𝜔
)

1
2⁄

 (2.30) 

is the width of the air boundary layer perpendicular to the direction of the motion of the 

vibrating object, where the air is turbulent, and it approximates the maximum space in the 

air where the air molecules collide with the object. δ depends inversely on the density of 

the air (which is proportional to air pressure) and the frequency of vibration. 
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Equation (2.28) has two parts; the first part is the Stokes drag coefficient law for a 

sphere in a viscous medium and the second part is the result of harmonic motion of the 

sphere[13] which depends both on the resonance frequency of the sphere as well as the 

density of the medium. 

Assuming the damped resonance frequency 𝜔𝑑𝑛 is equal to the undamped one 𝜔𝑛 

(ignoring the inertial drag parameter c2 in eq. 2.14 ), Q can be calculated by substituting 

the value of c1 (eq. 2.28) and 𝜔 (eq. 2.14) into eq.2.20 (ignoring eq.2.29 to eliminate c2) 

𝑄 =
𝑘𝑛
2√𝜌𝑠𝐸𝐼𝐴

6𝜋µ𝑅 (1 +
𝑅
𝛿
) 𝑙

 (2.31) 

The corresponding resonance frequency shift due to the damping can be calculated by 

combining equations (2.14), (2.24) and (2.29) 

𝑓01 − 𝑓02
𝑓01

=
𝜋𝑅3

3𝑙𝜌𝑠𝐴

1

𝑅0𝑇

(

 𝑀𝑃 +
9

2

√
𝑀𝑃µ𝑅0𝑇
𝜋𝑓

𝑅

)

  (2.32) 

This model assumes that pressures the velocity of the air close to the vibrating beam 

moves at the same velocity as the beam. Later Kokubun et al.[10] revised his theory to 

incorporate Millikan’s slip theory[14]. The later theory explains the pressure dependence 

of the quality factor when the system is moved between the three pressure regimes. 

Table2.2 

Summary of effect of air pressure on quality factor of vibration 

Region Mechanism Effect on Q 

Intrinsic 

( 10-2-1 Pa ) 

Extremely low pressure so 

that air damping is 

negligible compared to the 

Dissipative drag parameter 

c1 and corresponding Q are 

independent of the beam 

geometry. 
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intrinsic damping of the 

vibrating beam. 

Molecular or Knudsen 

( 1-100 Pa ) 

At medium pressure (value 

depends of the geometry of 

the vibrating structures) 

damping is caused by 

independent collisions of 

nonreacting air molecules 

at the vibrating surface of 

the beam. 

Dissipative drag parameter 

c1 increases proportionally 

with air pressure and beam 

width. The value of Q 

decreases with increasing 

air pressure 

Viscous 

( >100 Pa ) 

Up to atmospheric pressure 

or above (also depends on 

the geometry of the 

structures). Excess amount 

of air acts as an 

incompressible viscous 

fluid 

1. For R/δ << 1 (see

eq. 2.28) 

Q is independent of air 

pressure, because delta 

drops out. 

2. For R/δ >> 1

Q decreases with pressure 

Both the glass fibers in chapter 5 and BOS fibers in chapter 6 are modeled as 

vibrating beams that include the geometric and material parameters of these 

micro/nanostructures.  It has been shown that the fundamental resonance at f0 is related to 

the lumped element model. Equations 2.8, 2.9 and 2.31 are used to model power spectral 

density, resonance frequencies and quality factors of the measured vibration signal. 

2.5 Detection Noise Sources 

While the objective of this study is to measure the thermal noise driven vibrations of 

micro-nano structures, there are other noises present in the vibration detection 

instrumentation that must be taken in to account, and preferably reduced to levels below 

that of the thermal vibrations. 
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2.5.1 Shot noise 

Variation in currents due to a random arrival of photoelectrons is called shot noise. 

Laser sources and photodetectors, both exhibit shot noise. Shot noise is modeled as the 

stationary random process 

𝑋(𝑡) = ∑ 𝑏(𝑡 − 𝜏𝑘)
𝛼
𝑘=−𝛼 (2.33) 

Where τk, is arrival time of an electron and k ranges from negative infinity to positive 

infinity. The average number of electrons (or shots) V arriving in the time interval t0 is 

𝐸(𝑉) = 𝜆𝑡0 (2.34) 

where 𝜆 is called the rate constant. V follows a Poisson distribution 

𝑃(𝑉 = 𝑘) =
(𝜆𝑡0)

𝑘

𝑘!
𝑒−𝜆𝑡0 k=0,1,2,3…   (2.35) 

 where P is the probability of k electrons arriving in the time interval to. One sided power 

spectral density of the shot noise is directly proportional to the average power of the light 

source. For a laser operating at a frequency of ν with an average power of 𝑃̅ has a power 

spectral density of 

𝑆(𝑓) = 2ℎ𝜈𝑃̅ (2.35a) 

2.5.2 1/f noise 

The physical origin of 1/f noise (also known as flicker or pink noise) is not well 

understood[15]. It is a low frequency noise where power is inversely proportional to the 

frequency. At very low frequencies 1/f noise dominates over white (Brownian) noise (see 

Fig. 2.4). The First Sensor QPD used in this study (Fig. 2.12) is followed by an op-amp 

(ADA4622-2) 
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This op-amp[16] (Fig. 2.13) has a typical noise power spectrum (Fig. 2.4) that is 

dominated by 1/f noise below ~100 Hz (Fig. 2.4). 1/f noise can be described as  

𝑃𝑟𝑚𝑠 = 𝑒𝑛1𝐻𝑧 (√𝑙𝑛 (
𝑓ℎ

𝑓1
))  (2.36)

Where Prms is the total 1/f noise power, 𝑒𝑛1𝐻𝑧 is the noise density at 1 Hz, 𝑓ℎ is the 1/f 

noise corner frequency, and 𝑓1 is 1/aperture time (total measurement time).      

Figure 2.4. Voltage noise spectral density of an op-amp ADA4622-2 op-amp. Image 

from [16] 
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2.5.3 Thermal/White noise in electronic detectors 

Electrons in a conductor are also subject to thermal white noise. This type of noise 

is known as thermal or Johnson noise. The mean square value of thermal noise voltage Vtn 

in a conductor of resistance R, within a bandwidth of B=1/τ, where τ is the response time 

of the measuring device, and absolute temperature T is 

𝐸[𝑉𝑡𝑛
2 ] = 4𝑘𝑏𝑅𝑇𝐵 (2.37) 

Where kb is Boltzmann’s constant. This noise can be modeled as a Thevenin equivalent 

circuit with a voltage source of mean square value  𝐸[𝑉𝑡𝑛
2 ] and a series noiseless resistor R,

or as a Norton equivalent circuit with a current source of mean square value 

𝐸[𝐼𝑛
2] =

1

𝑅2
𝐸[𝑉𝑡𝑛

2 ] (2.38) 

 and a noiseless resistor in parallel, as shown in Fig. 2.5. 

Figure 2.5. Equivalent circuits for thermal noise modeling 
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White noise is a random signal having a spectrum of uniform power spectral density 

𝑆𝑤(𝑓) =
𝑁0

2
 as shown in Fig. 2.6a.  

N0 can be expressed in terms of the equivalent noise temperature Te is as 

𝑁0 = 𝑘𝑏𝑇𝑒                                                                           (2.39) 

Where, Te is called the equivalent noise temperature that expresses the temperature 

required to generate a certain level of noise power[17] by an electronic device.  

 

   

2.5.4 Band-limited White noise 

Band limited white noise results when a white Gaussian noise n(t) with zero mean 

with power spectral density of N0/2 is passed through a unity gain band pass filter as shown 

in Fig. 2.7 with a bandwidth of 2B at central frequency f0.  

The autocorrelation function of band limited white noise is the inverse Fourier transform 

of the power spectral density. 

 
 

Figure 2.6. a) Spectrum and b) autocorrelation function of white noise 
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𝑅𝑁(𝜏) = ∫
𝑁0
2
exp(𝑗2𝜋𝑓𝜏) 𝑑𝑓 + ∫

𝑁0
2
exp(𝑗2𝜋𝑓𝜏) 𝑑𝑓

𝑓𝑐+𝐵

𝑓𝑐−𝐵

−𝑓𝑐+𝐵

−𝑓𝑐−𝐵

 

= 𝑁0𝐵𝑠𝑖𝑛𝑐(2𝐵𝜏)[exp(−𝑗2 𝜋𝑓𝑐𝜏) + exp(2 𝜋𝑓𝑐𝜏)]

= 2𝑁0𝐵𝑠𝑖𝑛𝑐(2𝐵𝜏)cos (2 𝜋𝑓𝑐𝜏) (2.40) 

where 

𝑠𝑖𝑛𝑐(𝑥) = {
1  𝑓𝑜𝑟 𝑥 = 0
𝑠𝑖𝑛𝑥

𝑥
 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

Figure 2.7. Band limited white noise and its a) two-sided power spectrum b) auto-

correlation function of impulse response c) one sided power spectrum (demodulated 

spectrum of the envelop of (b)) 
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2.6 Detection of nanomechanical vibration 

Displacement measurements of thermal vibrations of micro and nanoobjects have 

been used to measure the stiffness of laser optical traps[18, 19] and atomic force cantilevers 

(AFM)[20, 21], in particle tracking[22], in optical manipulation of viruses and bacteria[23], 

in determining elastic properties of materials[24], and in quantifiable detection of small 

amounts of adsorbed mass on micro-nano-mechanical structures[25]. 

Ultra-small position detection is used in many scientific measurements to determine 

other properties of a sample. For instance, accuracy of stiffness calibration of AFM 

cantilevers depends on the accuracy of the detected position of the cantilever tip[20, 26-

30]. Position detection is also fundamental in optical trapping for the measurement of the 

trap stiffness [31-37], experimenting with molecular motors[38-46], measuring the 

mechanical properties of polymers[47-50], and the study of colloid particles[51-54]. The 

various optical detection methods in Fig. 2.8 are reviewed below 
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The vibration of objects can modulate light which can be photo-detected.  There 

are two general classes of optical detection: incoherent and coherent. In incoherent or direct 

detection, the time-average intensity of the light is directly detected. In coherent detection 

light from the object is interfered with a reference beam and the difference or beat signal 

is sensed on the face of the detector (e.g. a photodiode or photomultiplier tube) [55-57].  If 

the object and reference beams are at the same wavelength or frequency, the method is 

referred to as homodyne detection[58-61].  If the beams are at two different frequencies, 

the method is referred to as heterodyne detection[57, 62-64].  These methods, while 

theoretically the most sensitive, also require additional circuitry to stabilize the light 

frequencies and path-length changes.  Incoherent, or direct detection, while not as sensitive 

as coherent detection, does not require stabilization.  When the displacements are relatively 

large and the frequencies being measured are relatively small, video imaging methods can 

Figure 2.8. Optics based position detection methods 

Position detection 

methods

Coherent

Direct/incoherent

Heterodyne

Homodyne

Image based

Position sensitive 

detectors

Quadrant photo

detectors
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be used as incoherent detectors of vibration[65, 66]. Non imaging techniques uses position 

sensitive detectors (PSD)[67] and quadrant photodetectors (QPD)[68].   

2.6.1 Incoherent detection 

Incoherent detection unlike optical coherent detection, ignores the phase 

information of the light. Incoherent detection devices include CMOS cameras, position 

sensitive detectors (PSD) and quadrant photo detectors (QPD). Incoherent detection using 

each type of detector is presented here. 

2.6.1.1 Image based position detection 

A camera records a sequence of images of the object.  Then the centroid of object 

is calculated and monitored over time [69-73]. Standard camera frame rates (typically 50-

120 Hz) are somewhat slower than the vibration frequencies of interest in this study.  

Specialized cameras can run much faster, but also increase the amount of data processed 

and computation time required.  For example, for a 40 kHz camera (with a picture of 

800×600 pixels), and a 2004 version of CPU microprocessor with a clock speed of 3.4GHz, 

the video-based detection is limited to 500Hz. Today with a core I7 processor (using 

parallel processing) with similar clock speed up to 3.5 KHz vibration is detectable. 

2.6.1.2 Position sensitive detector (PSD) based detection 

Position sensitive detectors (PSDs) are optoelectronic sensors that utilize surface 

resistance of a photo diode to measure the change in position of a light spot. There are two 

categories of PSDs: lateral effect PSDs and segmented PSDs. PSDs are manufactured both 

as one-dimensional and two-dimensional detectors. One-dimensional PSDs are used to 
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measure both linear and rotational displacements. Figs. 2.9 and 2.10 illustrate the 

displacement measuring principle for a 1-D PSD[74]. 

 

In linear displacement measurement, a light source such as a laser beam, is projected 

toward the target object. The position of the reflected beam is then sensed with the PSD. A 

displacement of the target in Fig. 2.9 by Δd0, displaces the laser beam by Δd1.  The 

displacement of the target is 

∆𝑑𝑜 =
∆𝑑1
2cos∅

                                                                                              (2.42) 

where ∅ is the angle of reflection.  

 

 

Figure 2.9. Linear displacement measurement using a 1-D PSD. Image from [74] 
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If the target is rotated by angle ∅/2 (Fig. 2.10), the laser beam is displaced by Δd at a 

distance of L between the object and the PSD. The angle can be calculated from Δd as 

∅

2
= tan−1 (

2∆𝑑

𝐿
)  (2.43) 

Fig. 2.11 is a schematic cross section of a lateral effect 1-D PSD. Devices are available 

both as  p-n junction photodiodes or Schottky diodes with two anodes and a common 

cathode. 

Figure 2.10. Displacement on a PSD due to rotation of the object. Image from [74] 
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Light incident on the active area of the PSD generates electron hole pair that flow through 

the bulk resistances R1 and R2 as currents I1 and I2. The currents are inversely proportional 

to the lengths between the position of the incident light and the anodes. Besides the small 

errors in eq.2.42 the currents are converted to position 

𝑥𝑐𝑜𝑔 =
𝐿

2
.
(𝐼2 − 𝐼1)

𝐼2 + 𝐼1
 (2.44) 

The position ranges from – L/2 to +L/2. 

Figure 2.11. Cross section of a lateral effect PSD. Image from [74] 
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2.6.1.3 QPD based position detection 

Quadrant photodiode detectors (QPD) are composed of four closely spaced 

photodiodes (Fig. 2.12), that outputs centroid of the incident optical beam. Low noise is 

achieved by the integration of a low noise preamp with each photodiode. As a result, QPDs 

have demonstrated sub-nanometer position detection of AFM cantilever position [20, 26, 

75], bead position and stiffness determination of optical traps[76-78]. QPDs also have been 

used to detect position in light detection and ranging (LIDAR), robotics[79], inter-satellite 

communication[80], and laser space communication[81]. 

QPDs used in this study include an electronic component (Fig. 2.12a) and as a 

complete module (Thorlabs, not shown) that directly interfaces to a computer. The device 

has higher sensitivity and lower noise than the complete module. 

Figure 2.12. A (a) packaged First Sensor QPD and (b) schematic of a QPD. Image b) 

from [82] 
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Fig. 2.13 is a schematic of a QPD drive circuit[82]. Each diode represents one 

segment A-D of the QPD in Fig. 2.12b. Each diode is followed by a low noise 

transimpedance op amp. The amplifier outputs are combined to produce the x and y outputs 

𝑋𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 = 𝑆𝑥  
(𝑉𝐴 + 𝑉𝐷) − (𝑉𝐵 + 𝑉𝐶)

(𝑉𝐴 + 𝑉𝐵 + 𝑉𝐶 + 𝑉𝐷)
 (2.45) 

𝑌𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 = 𝑆𝑦  
(𝑉𝐴 + 𝑉𝐵) − (𝑉𝐷 + 𝑉𝐶)

(𝑉𝐴 + 𝑉𝐵 + 𝑉𝐶 + 𝑉𝐷)
 (2.46) 

Where Vx correspond to the photovoltages generated by each of the four diodes. 

The proportionalities 𝑆𝑥 and 𝑆𝑦, also known as the sensitivity factors (Sec.4.8), depend on 

Figure 2.13. Driver circuitry for a QPD readout. Schematic from [82] 
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the laser spot shape, power and distribution of intensities on the QPD surface. The 

conditions for maximizing position detection sensitivity are: The laser spot should be large 

enough to cover most of the sensor area. A laser spot wider than the sensor active area loses 

sensitivity due both to lowering of the detected spot energy, and also to the incident portion 

of the spot profile being more uniform in intensity. However, de-magnifying the spot 

smaller than necessary, also de-magnifies its displacement and similarly reduces 

sensitivity. Detailed analysis of the conditions chosen to optimize position detection of the 

micro/nanostructures measured in this study are presented in Sec. 3.4-3.6.  

2.6.1.3.1 Signal to noise ratio of QPD detection 

The signal to noise ratio is modeled by considering the ratio of signal level (of 

single QPD diode) to the background noise. For simplification (of circuit in Fig. 2.13), it 

is assumed that RF=R2=RL. For this condition, power spectral densities the voltage noises 

〈𝑣𝑋𝑛
2 〉 and 〈𝑣𝑌𝑛

2 〉 at the output of the transimpedance amplifier can be simplified to[83]

〈𝑣𝑋𝑛
2 〉 ≈ 〈𝑣𝑌𝑛

2 〉 ≈ 𝑅2〈𝑖𝑛
2〉 +

55

16
〈𝑒𝑛
2〉 +

1

8
𝑅𝐿
2𝑒𝐼 + 9𝑘𝑇𝑅𝐿  (2.47) 

Where 〈𝑖𝑛
2〉 and 〈𝑣𝑛

2〉 are the squared average noise levels of op-amp input current and

voltage noises respectively. e is the electron charge, I is the net bias current, 𝑅𝐿 is the load 

resistance of the measurement system (NI A/D card, optical power meter, oscilloscope etc.) 

and T is the temperature. The SNR at each QPD output terminal is 

𝑆𝑁𝑅𝑋 =
𝑅𝐿
2𝑖𝑥
2

〈𝑣𝑋𝑛
2 〉

=
1

16

[(𝑖𝐴 + 𝑖𝐷) − (𝑖𝐵 + 𝑖𝐶)]
2

(〈𝑖𝑛2〉 +
55
16𝑅𝐿

2 〈𝑒𝑛
2〉 +

1
8 𝑒𝐼 +

9𝑘𝑇
𝑅𝐿
) ∆𝑓

 (2.48) 
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𝑆𝑁𝑅𝑌 =
𝑅𝐿
2𝑖𝑦
2

〈𝑣𝑌𝑛
2 〉

=
1

16

[(𝑖𝐴 + 𝑖𝐵) − (𝑖𝐶 + 𝑖𝐷)]
2

(〈𝑖𝑛2〉 +
55
16𝑅𝐿

2 〈𝑒𝑛
2〉 +

1
8 𝑒𝐼 +

9𝑘𝑇
𝑅𝐿
) ∆𝑓

 (2.49) 

where, ∆𝑓 is the bandwidth of the measurement system. The factor 16 in the denominators 

of eqs.2.48 and 2.49 comes from the relation 𝐼𝑥 =
1

4
[(𝑖𝐴 + 𝑖𝐷) − (𝑖𝐵 + 𝑖𝐶)][84]. The signal

to noise ratio is proportional to the power, while the displacement measured is proportional 

to current. Therefore, the displacement sensitivity increases by increasing the power of the 

optical source. The maximum SNR achieved in this study is reported in chapter 4.   

2.6.1.4 Noise equivalent power (NEP) of an optical detector 

Sensitivity of photodiodes is expressed in terms of minimum detectable optical 

power or noise equivalent power (NEP). NEP is the detected optical power that produces 

a detected electrical signal of equal power to the noise power of the detector. NEP of a 

detector is limited by shot and thermal noises.   

The time-average current generated by a photodiode (i.e. the frequency of the laser 

oscillation is averaged out by the detector) when exposed to an amplitude modulated 

optical signal is 

𝑖(𝑡) = 𝑅𝑒 [
𝑃𝑒𝜂

ℎ𝜐
(1 +

𝑚2

2
) +

𝑃𝑒𝜂

ℎ𝜐
2𝑚 (

1−𝑒−𝑖𝜔𝑚𝜏𝑑

𝑖𝜔𝑚𝜏𝑑
) 𝑒𝑖𝜔𝑚𝑡] (2.50) 

Where P is the amount of input power when m=0, η is the quantum efficiency of the 

detector, m is the modulation index, and ν is the frequency of the incident light, e is the 

charge of an electron, h is plank’s constant 𝜔𝑚 is the modulating frequency. The factor in 

the second set of parentheses in eq. 2.50 represents the phase lag as well as the reduction 
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in signal current due to the detector rise time 𝜏𝑑. For detected frequencies well below the 

response time such that 

𝜔𝑚 ≪
1

𝜏𝑑
=

1

𝑅𝑒𝐶𝑑

where 𝑅𝑒 is the diode incremental (ac) resistance and 𝐶𝑑 is the junction capacitance, the 

second term in parentheses in equation (2.50) approaches unity giving 

𝑖(𝑡) = 𝑅𝑒 [
𝑃𝑒𝜂

ℎ𝜐
(1 +

𝑚2

2
) +

𝑃𝑒𝜂

ℎ𝜐
2𝑚𝑒𝑖𝜔𝑚𝑡] (2.51) 

2.6.1.4.1 Detection in the presence of noise 

For unit modulation index m=1, the photogenerated current due to the optical signal 

𝑖𝑠2̅ = 2(
𝑃𝑒𝜂

ℎ𝜐
)
2

(2.52) 

There are two noise sources present in the detection, the first one is the shot noise, source 

as described earlier due to the random arrival of photons on the detector, and can be written 

𝑖𝑛1
2̅̅̅̅ =

3𝑒2(𝑃+𝑃𝐵)𝜂∆𝑓

ℎ𝜐
+ 2𝑒𝑖𝑑∆𝑓                                                    (2.53)

Where ∆𝑓 is the bandwidth of the detection, PB is the background optical power and id is 

the dark current in the absence of any signal power. The second source represents the 

Johnson or thermal noise generated due to the output load and can be expressed as 

𝑖𝑛2
2̅̅̅̅ =

4𝑘𝑇𝑒∆𝑓

𝑅𝐿
(2.54) 

Where 𝑇𝑒 is the noise equivalent temperature and 𝑅𝐿 is the load resistance of the 

measurement apparatus (e.g. optical power meter or oscilloscope). Combining eq. 2.52, eq. 

2.53 and eq. 2.54, the signal to noise ratio is 

𝑆𝑁𝑅 =
𝑖𝑠
2̅

𝑖𝑛1
2̅̅̅̅̅ +𝑖𝑛2

2̅̅̅̅̅ =
2(
𝑃𝑒𝜂

ℎ𝜐
)
2

3𝑒2(𝑃+𝑃𝐵)𝜂∆𝑓

ℎ𝜐
+2𝑒𝑖𝑑∆𝑓+

4𝑘𝑇𝑒∆𝑓

𝑅𝐿

(2.55) 
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When the input signal is very close to the detection limit of the detector (i.e. S/N=1) the 

shot noise is much smaller than the thermally generated Johnson noise and in that case eq. 

2.55 simplifies to 

𝑆𝑁𝑅 =
2(
𝑃𝑒𝜂

ℎ𝜐
)
2

4𝑘𝑇𝑒∆𝑓

𝑅𝐿

(2.56) 

Minimum detectable power found for SNR=1 and 𝑃𝐵 = 0 to be 

𝑃𝑚𝑖𝑛 =
ℎ𝜐

𝑒𝜂
√
2𝑘𝑇𝑒∆𝑓

𝑅𝐿
(2.57) 

The noise equivalent power (NEP) is calculated by simply dividing it Pmin by the system 

bandwidth. However, we did not have proper equipment to measure all the quantities in 

eq. (2.57) and so used an intensity modulation approach to measure NEP directly. The 

technique is described in next section. In addition, neglection of 1/f noise at low 

frequencies can lead to underestimation of Pmin. Corrections for 1/f noise are considered in 

Sec. 2.8.2. 

Similarly, for SNR=0, eqs. 2.48 and 2.49 for QPDs give 

𝑃𝑚𝑖𝑛 = 
〈𝑣𝑋𝑛
2 〉∆𝑓

𝑅𝐿
= [𝑅𝐿〈𝑖𝑛

2〉 +
55

16𝑅𝐿
〈𝑒𝑛
2〉 +

1

8
𝑅𝐿𝑞𝐼 + 9𝑘𝑇] ∆𝑓 (2.57a) 

2.6.1.4.2 Intensity modulation of laser beam 

The minimum detectable optical power of a photodetector (or a QPD) is measured 

by using an optical chopper as shown in Fig. 2.14. Choppers are used because they provide 

100% depth of modulation (i.e. m=1 in eq. 2.51). 
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Before passing the light through the optical chopper, the intensity of the incident light is 

constant over time and the chopper modulates the intensity of the light with a square wave. 

The intensity is detected by the detector being characterized and the signal is recorded 

using a PC-interfaced A/D card. The spectrum of the detected signal is calculated by the 

fast fourier transform (FFT). The minimum detectable power, or NEP, of the detection 

system is found by lowering the optical power to the level where it is detected at the same 

level as the detector noise. The chopper frequency is selected to avoid various background 

interference, especially leaking from 60 Hz line frequency and its harmonics. 

Figure 2.14. Intensity modulation of a laser beam 
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2.6.2 Coherent detection 

In coherent detection the electric field of a reference beam is interfered with the 

electric field of the modulated beam to demodulate the modulation signal.  Coherent 

detection can either be homodyne or heterodyne.  For homodyne detection, the sense and 

reference beams are at the same frequency and the interference of the two beams gives the 

signal.  For heterodyne detection, the interference of the two beams gives the signal 

modulated at the difference frequency of the two beams. The theory for these two detection 

schemes are presented next. 

2.6.2.1   Optical heterodyne detection 

This form of optical interferometry provides low noise amplification. The main 

concept is similar to the radio-frequency technique used in the superheterodyne receiver 

where a reference oscillator amplifies the weak radio signal while improving the overall 

signal to noise ratio (SNR). Fig. 2.15. shows a block diagram of an optical heterodyne 

receiver. This optical detection technique was demonstrated in 1963 by S. F. Jacobs[85].  

Optical heterodyne detection works well under the following set of restrictions. 

• Coherent superposition

Coherence between both beams require that they interfere. Therefore, 

the two beam must be of the same polarization and one beam must be 

delayed from the other by less than the coherence length of the light.   

• Power requirement
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To achieve a reasonable gain for a weak optical signal, the power of the 

reference oscillator must be very large compared to the signal. 

• Fluctuation of the laser frequency:

Ideally output of a laser light is monochromatic. In reality, no laser is 

perfectly monochromatic. All lasers generate some degree of shot noise 

as part of their lasing output. Laser generated shot noise is given by 

𝑖𝑠ℎ𝑜𝑡 𝑛𝑜𝑖𝑠𝑒(𝑟𝑚𝑠) = (2𝑒𝑖𝑑𝑐∆𝑓)
1
2⁄                          (2.58)

Where Δf is the bandwidth of the reference oscillator and idc is the dark 

noise current generated when the reference oscillator is on. 

Figure 2.15. Schematic of a heterodyne detection optical receiver 
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2.6.2.1.1 Signal to noise ratio in heterodyne detection 

Let EL and Es be the electric field amplitudes of the reference oscillator and the 

signal, respectively. The signal and reference oscillator fields add coherently on the 

photodetector giving a total field as[86] 

𝐸 = 𝐸𝐿𝑐𝑜𝑠𝜔𝐿𝑡 + 𝐸𝑆𝑐𝑜𝑠𝜔𝑆𝑡  (2.59) 

The photocurrent is proportional to the intensity of the superimposed signal 

𝑖~𝐸2 =
1

2
𝐸𝐿
2 + 𝐸𝐿𝐸𝑆 cos(𝜔𝐿 −𝜔𝑆) 𝑡 +

1

2
𝐸𝑆
2  (2.60) 

The signal amplitude Es is detected when detector bandwidth exceeds the difference 

frequency. Expressed in terms of the rise time of the detector τ, then the signal is detected 

if 

𝜔𝐿 − 𝜔𝑆 <
1

𝜏
< 𝜔𝐿  (2.61) 

Ratio of the signal to the unmodulated detection from eq.2.60 can be rearranged as 

𝑖𝑎𝑐 = [
2𝐸𝐿𝐸𝑆

𝐸𝐿
2 + 𝐸𝑆

2] 𝑖𝑑𝑐                                                                      (2.62)

Where 𝑖𝑝𝑒𝑎𝑘 𝑎𝑐 is the peak value of current generated in the photodetector due to the 

information signal. When EL>>ES, as is assumed (see section 2.6.2.1), the equation can be 

rewritten as 

𝑖𝑎𝑐 = (
2𝐸𝑆
𝐸𝐿
) 𝑖𝑑𝑐  (2.63) 

Squaring both sides 

(𝑖𝑎𝑐)
2 = [2 (

𝐸𝑆
𝐸𝐿
) 𝑖𝑑𝑐]

2

= 4(
𝑃𝑆
𝑃𝐿
) 𝑖𝑑𝑐
2 = 2(

𝜂𝑒

ℎ𝜈
) 𝑃𝐿𝑃𝑆  (2.64) 
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This shows that the mean square AC signal power increases proportionally with reference 

oscillator power, providing gain. The dc component of the current is given by 

𝑖𝑑𝑐 =
𝜂𝑃𝐿𝑒

ℎ𝜈
                                                                                          (2.65) 

Where, h is planck’s constant, 𝜂 is the quantum efficiency of the detector, PL is the 

reference oscillator power, and e is the charge of a single electron. 

The signal to noise ratio by using eqs. 2.58, 2.64 and 2.65 is 

𝑆𝑁𝑅 =
𝑖𝑎𝑐
2

𝑖𝑛2

=
𝜂𝑃𝑠
ℎ𝜈∆𝑓

= 𝜂
𝑠𝑖𝑔𝑛𝑎𝑙 𝑝ℎ𝑜𝑡𝑜𝑛 𝑟𝑎𝑡𝑒 

𝑑𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛 𝑏𝑎𝑛𝑑𝑤𝑖𝑑𝑡ℎ
 (2.66) 

This result shows that the SNR is independent of reference oscillator power. 

2.7  Homodyne detection 

Figure 2.16. Schematic of a homodyne detection optical receiver 
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Fig. 2.16 is a schematic of coherent homodyne detection[87]. The only difference 

for the homodyne detection is that the source is at the same frequency as the local oscillator 

(LO). 

2.7.1.1.1 Sensitivity of homodyne detection 

The current generated by a photodetector in a homodyne detection can be expressed 

as[87] 

𝐼ℎ𝑜𝑚 = 𝑅𝐿(𝑃𝑆 + 𝑃𝐿) + 2𝑅𝐿(𝑃𝑆𝑃𝐿)
1

2𝑐𝑜𝑠𝜑𝑝(𝑡)  (2.67)

Where 𝑃𝑆 and 𝑃𝐿 are the power of source and reference oscillator lasers respectively. 

Equation (2.67) indicates that the current in the photodiode can be increased by both 

increasing the power of the reference oscillator as well as the sensitivity of the detector. 

The power of the reference oscillator can be increased as long as the total amount of light 

is below the saturation limit of the detector. For a homodyne detector with high reference 

oscillator power, shot noise from the signal current, thermal noise and dark-current noise 

(see sec.2.5) can be ignored. Signal amplitude to noise current (signal-to-noise ratio SNR 

or S/N) for a homodyne detection is 

𝑆𝑁𝑅 =
(2𝑅𝐿(𝑃𝑆𝑃𝐿)

1
2)
2

𝑅𝐿

(2𝑞∆𝑓𝑅𝐿𝑃𝐿 +
4𝑘𝑇∆𝑓
𝑅𝐿

)𝑅𝐿

≈
𝑅𝑖𝑃𝑆
𝑞∆𝑓

=
2𝜂𝑃𝑆
ℎ𝑣∆𝑓

 for   𝑅𝐿 ≫ 4𝑘𝑇∆𝑓  (2.68) 

The SNR of homodyne detection is twice the SNR of heterodyne because of using two 

optical sources of same frequency.    
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2.7.2 Mixed position detection methods 

This section reviews two other types of nanostructure position sensing. These are 

polarization interferometry and back focal plane detection. 

2.7.2.1 Polarization interferometry 

In polarization interferometry (PI), polarization of light can be used to measure the 

displacement of objects of all scales, from molecules to stars [88-91]. In PI, plane polarized 

light is split into two laterally displaced beams by a Wollaston prism. One beam is passed 

through a vibrating object and then the two beams are recombined using a second 

Wollaston prism.  If the object is stationary, the polarization of the transmitted light is 

unchanged from the incident light. If the object moves, the resulting polarization is 

elliptically polarized. The larger the displacement, the greater the polarization shift of the 

probe beam. The polarization is measured by rotating a polarizer to find the maximum and 

minimum intensities of linear polarizations which define the major and minor axes of the 

polarization ellipse. 

2.7.2.2 Back focal plane detection 

Back focal plane detection (BFP) uses the interference between forward scattered 

light from the vibrating sample with the non-scattered light [92-95] to improve the contrast 

of the object. Fig. 2.17 shows a BFP set-up used to measure the position of a sample. Here, 

the condenser lens is used both for illuminating the sample as well as imaging the object 

onto the QPD. The dichroic mirror permits the laser beam to pass to the sample but reflects 

the incoming light from the sample to the QPD. The light pattern at the back focal plane of 
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the condenser lens is collected by a relay lens and imaged onto the QPD.  The QPD is 

placed at a conjugate of the back focal plane of the condensing laser and the interfered 

signal is captured. The displacement of the object is calculated from the interfered signal. 

Table 2.3 

Summary of optical measurements of linear displacement 

Name of the 

devices/techniques 
Sub-catagory Range Resolution Applications/Notes 

Coherent Homodyne 
nm to 

µm 
nm 

Single light source, 

simple optical 

alignment. 

Figure 2.17.  Back focal plane detection method (image from University of 

Barcelona at http://biopt.ub.edu/force-detection/back-focal-plane-interferometry) 

http://biopt.ub.edu/force-detection/back-focal-plane-interferometry
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heterodyne 
Å to 

µm 
Å 

Precise and 

complex alignment. 

Requires more than 

one light sources. 

Sensitive to both 

source and detector 

noise. Used in 

space doppler 

velocimeters. 

Incoherent 

Video analysis 
mm to 

µm 
0.5 µm 

Limited speed, 

Expensive 

hardware for 

computation. Used 

in monitoring bio 

samples such as 

bacteria, protein 

etc. 

PSD 
µm to 

cm 
2 µm 

Inexpensive, easy 

to use. Machine 

tool alignment, 

motion analysis, 

guidance system, 

targeting, beam 

alignment. 

QPD 
Å to 

µm 
0.1 Å 

Low noise, fast, 

works with a wide 

range of optical 

sources. Robotic 

vision, 3-D TV, 

surveying, optical 

tracking, AFM. 

Mixed 
Polarization 

interferometry 

pm to 

nm 
1 pm 

Measure position in 

terms of degree of 

polarization. More 

sensitive than most 

of the optical 

detection 

techniques. 
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Back focal 

plane 

Å to 

nm 
5.0 Å 

Distance 

measurement of 

self-luminous 

objects. Lidar 

2.8 Stiffness measurement  

There are many ways to measure stiffness of nanostructures. Many of these methods 

involve a force calibration step. In atomic force microscopy, the cantilever is calibrated 

before measuring the force exerted by the sample on the cantilever [96-103]. The 

calibration is performed by measuring the thermal vibration of the cantilever tip, by using 

a reference cantilever, and by measuring the deflection by pressing the tip against a hard 

surface. Depending on the type of cantilever and samples, either one or a combination of 

these techniques is used. In optical trapping, trap stiffness is often calculated by measuring 

the thermal vibration of the trapped bead [104, 105]. 

There are three models to determine the stiffness of a micro-nanostructure i.e. 1) 

variance calculation, 2) measuring Brownian motion and 3) power spectral density. These 

three methods are equally applicable in the measurement of stiffness of an AFM cantilever 

tip, stiffness of a trap or the stiffness of a BOS structure. 

2.8.1 Variance calculation 

In this technique the cantilever beam (or trapped bead or BOS structure) is modeled 

as a spring. Average energy stored in a spring excited by random white (or Brownian) noise 

is 
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𝐸 =  
1

2
𝑘 < 𝑥2 >  (2.69) 

where <.> is the expectation operator defined as 

< 𝑋 > =∑𝑥𝑖𝑝𝑖

𝑘

𝑖=1

 

where xi is the ith sample outcome of random variable X and pi is the probability of the ith 

outcome.  For white noise, pi is identical for each outcome.  According to the equipartition 

theorem, the average thermal energy equals the random vibration energy of the object 

 𝐸 =  
1

2
 𝑘𝑏𝑇 (2.70) 

where kb is the Boltzman constant and T is the temperature. Equating eqs. 2.57 and 2.58, 

gives the spring constant or stiffness of the object as 

𝑘 =  
<𝑥2>

𝑘𝑏𝑇
(2.71) 

The stiffness of the object is determined from the mean square average of the time series 

of position in eq. 2.71.   

2.8.2 Measuring Brownian motion 

The second model is to measure the power spectral density of the Brownian motion 

of the structure. This model is for the case of overdamping (Sec. 2.3). If the structure is 

small, inertial forces are ignorable compared to hydrodynamic forces of the system. These 

structures can be modeled as low velocity, low Reynolds number object in the stokes drag 

regime. The system can be considered as a massless damped oscillator in which the prime 

driving force is the Brownian motion. This model is described by the differential equation 

𝛽𝑥̇(𝑡) +  𝑘𝑥(𝑡) = 𝐹(𝑡) (2.72) 
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where β is the drag coefficient of the structure is 

𝛽 = 6𝜋𝜂𝑟 (2.73) 

where r is the radius of the structure, 𝜂 is the viscosity of the surrounding fluid and F(t) is 

the white source with a Fourier spectrum power 

|𝐹̃(𝑓)|
2
= 4𝛽𝑘𝑏𝑇       (2.74) 

 The Fourier transform of eq. 2.72 is 

2𝜋𝛽 (
𝑘

2𝜋𝛽
− 𝑗𝑓) 𝑥̃(𝑓) = 𝐹̃(𝑓) (2.75) 

This gives and displacement power spectral density of 

|𝑥̃(𝑓)|2 =
𝑘𝑏𝑇

𝜋2𝛽[(
𝑘

2𝜋𝛽
)
2
+𝑓2]

(2.76) 

Eq. 2.76 is a Lorentzian function.  It has a corner frequency fc = k/2πβ giving stiffness 

𝑘 = 2𝜋𝛽𝑓𝑐 (2.77) 

2.8.3 Power spectral density 

Power spectral density of a time series x(t) is defined as 

𝑆𝑥𝑥 = lim E
𝑇→∞

[|𝑥̂(𝜔)|2]       (2.78) 

Where 𝑥̂(𝜔) is the Fourier Transform of x(t). For discrete time signals it can also be 

expressed as 

𝑆𝑥𝑥 = lim
𝑁→∞

𝐸 {
1

𝑁
|∑ 𝑥(𝑡)𝑒−𝑗𝜔𝑡𝑁
𝑡=1 |

2
} (2.79) 

The relationship between the stiffness of a vibrating nanomechanical structure and the 

amplitude of the vibration is similar whether the object is a trapped bead, micromachined 

cantilever or a BOS structure. Fig 2.18 shows the relative power-frequency relationship of 
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a 2.1 µm diameter polystyrene particle trapped in the same medium for different laser 

trapping powers[106]. The figure shows that, the corner frequency of the trap increases, 

and amplitude of vibration decreases with increasing laser power, which corresponds to 

stiffening of the trap (See eqs. 2.76, 2.77). 

2.9 Gaussian beam characterization 

The waist diameter of the laser beam affects QPD displacement measurement 

sensitivity (Sec.3.5). This section reviews laser beam profiling. There are many methods 

available to measure different beam parameters. Yoshida and Asakura[107] placed a thin 

wire of known diameter to cut-off some of the light from the beam and measured the beam 

waist by taking the ratio of the powers in the presence and absence of the wire. This method 

works well if the beam diameter is larger than the diameter of the wire. It is difficult to 

Figure 2.18. Power spectral densities for a laser trap at three trap stiffnesses as 

measured by QPD. Plot from [106] 
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implement in optical trapping and single molecule tracking, where the laser beam is 

focused below one micron. Other methods includes using a slit developed by Gupta and 

Bhargava[108], using a CCD camera by Riza and Jorgesen[109], and a chopper technique 

by Ortega et al.[110]. 

The method of beam profiling chosen for this study is the knife edge method[111]. 

The blade edge of a sharp knife is scanned transversely across the beam path while 

measuring the transmitted power, which gives a function of power vs. position. In the 

original knife-edge method, the derivative of the power vs position curve gives the 

Gaussian profile of the beam, from which the waist diameter is calculated.  Since the 

derivative of the error function is a Gaussian, it is also possible (as done in this study) to 

fit the power-position curve with an error function, from which the Gaussian shape and 

waist diameter is then found analytically. 

2.10 Conclusion 

The main results from this chapter that will be applied in subsequent chapters are 

• The Lorentzian spectral model (eq. 2.8) will be fit to the thermal

vibration spectra of the structures studied in chapters 5 and 6. 

• Models of noise contributions that are expected to arise from the QPD

photodetection electronics are described. 

• A QPD has been selected for measuring the thermal vibration spectra in

the subsequent chapters. 
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CHAPTER 3  

INSTRUMENTS AND METHODS 

This chapter describes the how the optical vibrometer is assembled, characterized, 

and calibrated, and how the test samples are prepared and mounted in the vibrometer. 

3.1 Vibrometer layout 

The vibrometer (Fig. 3.1) measures the vibrations of structures placed in the sample 

plane. A frequency, temperature and power stabilized, single transverse and longitudinal 

mode semiconductor laser (New Focus Velocity 6316) is regulated at a wavelength of 850 

nm (see Table 3.1). The laser is used either in a constant power mode, or its power is 

Figure 3.1. Optical vibrometer with tip of cantilevered fiber positioned in the laser 

beam at the sample plane 
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modulated with external voltage applied to the modulation input. The laser appears to 

produce the least noise in vibrometer measurements when its output power is 3.0- 3.8 mW. 

The laser beam passes through a spatial filter (Newport 910A), producing a nearly ideal 

Gaussian beam. A 20X microscope objective (L1) after the spatial filter focuses the laser 

beam to a beam diameter of 6.05 µm at waist.  The light from the sample is collected and 

collimated by a second 20X microscope objective (L2). The beam is centered on the QPD 

(First Sensor QP10-6SD2) when no sample is present, and the beam is displaced from the 

center by refraction from the sample. The refraction angle and beam displacement vary as 

the object moves transversely to the beam.  The manufacturer recommended diameter of 

the spot that maximizes position accuracy is 0.5 mm. The beam splitter splits the image of 

the spot between the QPD and the camera. The image of the spot is used to simultaneously 

align the spot on the QPD and sample. The sample is positioned using a three-axis piezo 

nanopositioning stage (Mad City Labs Nano-2D200). It has less than 1 nm position drift 

and hysteresis.   

 

Table 3.1. Preferred laser settings used in the vibrometer 

Parameter Value 

Wavelength (nm) 850 

Temperature (°C) 70  

Laser Power (mW) 3.0-3.8 

Laser spot size at sample (µm) 
10-125 

(same diameter as the sample) 

Laser spot size at QPD (mm) 0.5 

 

3.2 Supporting instruments 
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3.2.1 Microscope 

An Olympus IX-71 inverted light microscope that can perform both transmission 

and reflection imaging is used to image and measure dimensions of the BOS structures. All 

samples are imaged with air microscope objectives that cover 10-100X magnifications 

(with numerical apertures up to 0.95).  The microscope has a Prior Scientific X-Y-Z 

motorized stage.  A Pixelink video camera attached to the microscope collects still and 

video images. A Slidebook microscope interface controls scanning and image collection, 

and other operations, including active stabilization of the object position in 3D. Slidebook 

also includes tools for making dimensional measurements, stray light removal, sharpening 

and contrast control of collected images. These features are used to measure the dimensions 

of the micron scale structures studied in Chapters 5-6. 

3.2.2 Scanning Electron Microscope 

The diameter of the BOS structure can be between 3-25 microns and the diameter 

of the string can be as small as 30 nanometers. A scanning electron microscope (SEM) is 

used to measure dimensions below the resolution limit of the optical microscope (~300 nm 

for the 0.95 NA objective). The SEM (Zeiss Supra 35VP) has an image resolution of 1.2 

nm. Since the samples are non-conductive, the samples are sputter coated with a conductive 

film (Au/Pd). In addition to increasing the contrast of the samples, the conductive coating 

shields polymer materials from damaging heating and bond scission.   

3.2.3 Optical chopper 

An optical chopper (Palo Alto Research, Model 300) is used in measurements of 

NEP of the QPD (sec.2.5.1). The chopping frequency can be set from 4 to 6,400 Hz by 
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selecting specific combinations of motor rotational speed and the number of slits around 

the circumference of the chopping wheel.   

 

3.2.4 Signal generator and oscilloscope 

A waveform generator (Tektronix AFG 3022) is used both to modulate the laser 

and drive a piezoelectric actuator (SM SPK2724300) that vibrates the samples. The pulse 

output is used for impulse response measurements of the QPD. Frequency sweeping is used 

to measure the frequency response of the vibrometer. Fixed sinusoidal frequencies and 

narrow band sweeps are used to excite the samples near around their resonance frequencies. 

An Oscilloscope (Tektronix TDS 2022B) monitors the excitation signals. 

    

3.3 Sample preparation  

3.3.1 Polymer solution preparation  

BOS structures are formed from a starting solution of 485 mg of deionized water 

and 15 mg of polyethylene oxide (4 MDa PEO from Sigma-Aldrich) resulting in a 3 wt% 

solution.  The weights are measured with a precision of 100 µg on a Mettler AJ100 balance. 

The solution requires mixing to ensure that the PEO dissolves. The mixture is stirred at 

1000 rpm for 1 min, then at 3000 rpm for 2 min with a vortex mixer (Thermo Scientific 

M37615). The solution then stands for 48-72 hr to allow the PEO to fully dissolve and for 

air bubbles to come out of the solution.  

3.3.2 BOS fabrication 

BOS fibers are formed by capillary-force self-assembly that is initiated by 

macroscale hand brushing the PEO solution over an array of micropillars (Fig. 3.2)[112]. 
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A 10-20 µg drop (estimated from image analysis of microscope images) of the PEO 

solution is deposited on the edge of an applicator (a glass coverslip) and then the applicator 

is drawn over the pillar array as shown in Fig. 3.2.  Brush-on speeds between 3.33-5.00 

mm/s were found to most often produce the BOS structures of desired bead dimensions 

(between 10-20 µm. (See Table 3.2). 

Cleanroom-fabricated glass micropillar arrays are used as the supporting structures. The 

pillar center-to-center spacing (pitch) is 1.0 mm with a 0.5 mm gap. 

The optical path needs to be obstruction free to maximize the optical signal strength on the 

QPD. A pillar array having several rows past a BOS fiber can block and rescatter the laser 

beam.  Instead a pillar array consisting of two columns of pillars is fabricated by separating 

two columns of micro-pillars from the full array with a diamond dicing saw. Then the 

pillars are glued on a glass slide using Super Glue. 

Three kinds of structures form during the fabrication process: (1) BOS with a single bead, 

(2) BOS with multiple beads, and (3) cylindrical fibers with no beads. No one single 

structure forms predictably. This is shown in Table 3.3 where a single beaded BOS, the 

target structure for BOS studies in chapter 6, forms 14 times out of 1000 attempts (at a 

brushing speed of 3.33-5.00 mm/s). 

Table 3.2 

Distribution of structures formed from 1000 brush-on attempt 

(50 brushes over an array having 20 sites for fiber formation) 

Structure type Bead diameter (µm) Number 

Single bead 
1-5 2 

6-10 6 
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11-20 6 

Multi-beads NA 73 

Only fibers NA 79 

No structures NA 834 

Figure 3.2. BOS fabrication by the brush-on method. Schematic from [112] 

3.3.3 BOS solidification 

The BOS fibers, because they are fabricated from a 3 wt% polymer solution, 

solidify as the water evaporates from them. After brush-on, the micropillar array is viewed 

under the microscope. Heating caused by the microscope lamp dramatically increases 

evaporation rate. Room temperature in the lab is 22 °C, while the temperature under the 

microscope is 31 °C. Evaporation rate can be adjusted by controlling temperature, ambient 

humidity and drying time. The rate of evaporation from PEO droplet on solid surfaces is 

influenced by molecular weight of the polymer, initial concentration[113-115], size of the 
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droplet[116, 117], ambient temperature, relative humidity[118-120], pressure, contact 

angle[120, 121] on the surface, and time. In Sec. 6.4 evaporation is considered as a source 

of drift of the thermal vibration spectra (see Sec 6.4). In this study however none of these 

parameters were varied to control the solidification.   

3.4 Vibrometer characterization  

A numerical simulation (Appendix C) shows that the vibration amplitudes of the 

BOS and cantilevered fibers are expected to be on the order of 1 Å. Vibration amplitudes 

at this level require a high sensitivity vibration sensor. A Thorlabs QPD (PDQ80A) and 

First Sensor QPD (QP10-6SD2) are evaluated for this purpose. Noise equivalent power 

(NEP), dynamic range, impulse response, and linearity are evaluated. 

3.4.1 Noise Equivalent Power of the QPD 

Noise equivalent power (NEP) (Sec 2.6.1.4) is measured using the setup in Fig. 3.3. 

The photodetector gives an absolute measurement of the optical power in the laser beam. 

The power on the photodetector is related to the power on the QPD by the splitting ratio 

(1:99) of the beam splitter. The measurement is done in a dark room and the photodetector 

is zeroed to offset dark current. Then the chopper is turned on, and the modulated QPD 

signal is captured by an A/D convertor (National Instruments PXI 4462) and recorded on 

a PC using LabView. The modulated signal is Fourier Transformed showing peaks 

corresponding to the harmonics of the square wave modulation. The laser power is reduced 

by adding neutral density filters (NDF) until the peak of the fundamental frequency of the 

chopped signal is at the level of the background noise. 

Sensing characteristics of the QPDs are presented in Table 3.3 The measured NEP of the 

First Sensor QPD is within 5% of the value published in the data sheet by manufacturer. 
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Table 3.3 

Characteristics of Thorlabs and First Sensor QPDs 

Parameter Thorlabs First Sensor 

Dark voltage (mV DC) 21 

135 µV (SD)

2 

25 µV (SD)Drift with laser on (µV) -300 to 400  -100 to 100

Noise level in dark (dB)* -128.4 -141.1 

Noise level with laser spot centered (dB)* -128.4 -141.2 

NEP (pW) 35.4 0.212 

Detection sensitivity (Å) 0.42 0.1 

*dB with respect to 1.0 V. See Appendix A

Figure 3.3. NEP measurement setup 
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3.4.2 Modeling the Vibrometer as a linear system. 

A system is linear if it obeys the properties of homogeneity (scaling) and  

superposition (additivity)[122]. A linear time invariant (LTI) system also obeys time 

invariance where time invariance is for system y(t)=h[x(t)] the property that shifts of t0 of 

the input signal, shifts the output by t0 to y(t- t0)=h[x(t-t0)]. Homogeneity ensures that the 

output signal is amplified/attenuated by the same factor as the input signal Ay(t)=h[Ax(t)]. 

This property is relevant to the vibrometer which has multiple devices that attenuate (beam 

splitter, spatial filter), amplify (op-amp in QPD driver circuitry), sample and quantize (A/D 

converter). The superposition property ensures that the output is identical when multiple 

inputs are added together in different orders. This property is relevant to the vibrometer in 

that the system is driven by applying various excitation signals both at the input to the laser 

modulation port and to the piezoelectric plate. 

The vibrometer response is characterized for impulse, swept frequency and white noise 

inputs. 

3.4.2.1 Impulse frequency-response analysis (IFRA) 

For a linear time invariant (LTI) system with impulse response h(t) and input x(t), 

the output is 

𝑦(𝑡) = ∫ ℎ(𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏
∞

−∞

  (3.1) 

If the input 𝑥(𝑡) = exp(𝑗2𝜋𝑓𝑡), then 

𝑦(𝑡) = ∫ ℎ(𝜏) exp(𝑗2𝜋𝑓(𝑡 − 𝜏)) 𝑑𝜏
∞

−∞
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= exp(𝑗2𝜋𝑓𝑡)∫ ℎ(𝜏) exp(−𝑗2𝜋𝑓𝜏) 𝑑𝜏
∞

−∞

 

= 𝐻(𝑓) exp(𝑗2𝜋𝑓𝑡)  (3.2) 

Where H(f), the transfer function, is the Fourier Transform of the impulse response. 

The frequency response of the vibrometer is measured by inputting an impulse to 

the amplitude modulation port of the laser and detecting the beam with the QPD and 

recording the QPD signal on the PC. The transfer function is then found from the Fourier 

Transform of the recorded signal. 

3.4.2.2 Swept frequency response analysis 

The bandwidth of the sweep is preselected. Then the sinusoidal swept is input to 

the laser and the QPD output is recorded on the PC. The sweep frequency can be linear or 

exponential. An exponential sweep signal S(n) start from 𝜔1 to 𝜔2 over T seconds is 

expressed as[123] 

𝑆(𝑛) = 𝑠𝑖𝑛[𝐾(𝑒𝑇/𝐿 − 1)]  (3.3) 

Where 𝐾 =
𝜔1𝑇

𝑙𝑛
𝜔2
𝜔1

 and 𝐿 =
𝑇

𝑙𝑛
𝜔2
𝜔1

. The time delay ∆𝑡𝑛 between any sample 𝑛0 and a later point 

with instantaneous frequency N times larger than that instantaneous frequency at 𝑆(𝑛) is 

constant and given by 

∆𝑡𝑛 = 𝑇
ln (𝑁)

𝑙𝑛
𝜔2
𝜔1

 (3.4) 

The resolution of the sweep frequency depends on total sweep time T and the bandwidth 

Δω of the measurement. The resolution of the sweep is proportional to the total sweep time 
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and inversely proportional to the bandwidth. A waveform generator (Tektronix AFG 3022) 

generates a sinusoidal sweep signal over the range 1.0 Hz to 2.499 KHz. 

3.4.2.3 White noise test 

White noise is a random signal having equal average intensity at all frequencies. 

White noise is a random process 𝑍(𝑡) such that 𝑍(𝑡) is independent and uncorrelated with 

𝑍(𝑡 − 𝑠) for s not equal to t, or [124] 

𝐸[𝑍(𝑡)𝑍(𝑠)] = 𝛿(𝑡 − 𝑠)  (3.5) 

Where 𝛿(t) is the Dirac delta function. I built a white noise generator for measurements of 

the frequency response of the vibrometer. The A/D converter samples the QPD as fast as 

100 KHz. The bandwidth of the noise generator is limited to 10 KHz (because the 

resonance frequency of all the structures in this study are less than 10 kHz). I also built a 

5th order Butterworth filter with cutoff frequencies of 1.0 KHz and 10.0 KHz. Band limited 

white noise from the cascade of the white noise generator and the band pass filter is used 

as the input to the laser for frequency response and dynamic range measurement of the 

QPD. 

3.5 Measurement of QPD sensitivity 

The signals Xdiff and Ydiff, from the four discrete photodiodes of QPD (see Sec. 

2.5.1) give lateral position of the spot. A scaling or sensitivity factor (S) is needed to 

convert the voltage signals Xdiff, and Ydiff into displacement of the sample. Because the 

sensitivity is tied to the amount of refraction by the sample, the sensitivity depends on the 

object shape and the location of the object in the laser footprint. A calibration method is 

used to determine the sensitivity of each sample measured by the vibrometer. The 
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sensitivity is measured after allowing the laser output power to stabilize (usually within 3-

5 min after turning it on). The sample is placed on a sample mount that is attached to a 

nanopositioner for fine positioning and scanning of the sample (Fig. 3.4). This is mounted 

on top of a manual 3D stage., for coarse positioning of the sample. The video camera (see 

Fig. 3.1) aids in the coarse alignment step. Then, the sample is scanned by the 

nanopositioner in x or y while recording Xdiff or Ydiff.  Sensitivity S is then determined (eq. 

3.7) from the scan distance 

∆𝑥 = 𝑎 + 𝑏                                                          (3.6) 

 

where a is sample diameter, b is the diameter the laser spot on the sample, and the 

corresponding QPD voltage response ΔV in the linear region where the sensitivity is then 

𝑆 =
Δx

ΔV
                                                                              (3.7) 

 

Figure 3.4. Sample mount shown with the sample (a glass fiber) placed near the beam 

focus that is centered between the two objectives.  
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The measurement is repeated several times at different axial locations near the focal point 

to determine the position of maximum sensitivity. 

3.6 Estimates of the vibration dynamics of BOS fibers 

The vibration of single bead BOS fibers is modeled as a fixed-fixed cantilever with 

a central mass (see Table 2.1). This is simulated in Appendix C and a summary of these 

results is in Table 3.4. When the BOS fiber first forms it contains a large amount of water, 

which decreases with time due to evaporation and which leads to corresponding changes 

in the frequency and amplitude. 

Table 3.4 

Estimated ranges of BOS mechanical properties 

Measured dimensions Simulated vibration parameters 

Bead 

diameter 

(µm) 

String 

diameter 

(nm) 

Resonance 

frequency 

(Hz) 

Amplitude 

(nm) 

Stiffness 

(µN/m) 
Q 

10-25 200-800 12-740 16.9-273 0.055-14.33 0.1-2.7 

The model of BOS structure with a single bead (20 μm diameter), located exactly middle 

of a 300 nm diameter string has a thermal vibrational amplitude of 29.17 nm at 155 Hz 

resonance frequency. A 50% mass loss from the bead due to evaporation would move the 

resonance frequency to 219 Hz (eq. 2.68), assuming the diameter and string mass are 

unchanged with evaporation. The vibrometer can easily detect this 64 Hz of frequency 

change. Both the bead and string diameter varies during the fabrication process depending 

on amount of starting polymer solution, room humidity and speed of brushing. Stiffness of 
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the structure determines the amplitude and the frequency of the vibration. Note that, 

stiffness depends on the 4th power of the diameter of the string. A change in the diameter 

of the string from 200 nm to 800 nm increases the stiffness of the structure from 0.055 

μN/m to 14.33 μN/m. The resonance frequency of the vibration would be in the range of 

12 Hz to 756 Hz for a BOS with a bead diameter between 10 μm and 25 μm (with string 

diameter between 200~800 nm). Amplitude of the vibration for the BOS structures having 

the dimensions in these range would be in the range of 4.1 nm and 65 nm.  

A more detailed analysis of the vibrational parameters for BOS structures are 

presented in Appendix C.  

 

  

3.7 Design of fiber cantilevers that have similar vibration dynamics as BOS fibers 

Transparent cylinders have well defined light scattering properties.  For this reason, glass 

optical microfibers, that have diameters that are similar to the BOS bead diameters, are 

selected for the first objects to be measured with the vibrometer. Cantilevered fibers of 

sufficient length can have bending stiffnesses in the same range as expected for BOS fibers 

(Appendix C). From eq. 2.7 a 20 mm long, 30 μm diameter glass cantilever vibrates at a 

resonance of 52 Hz with a thermal amplitude of 2.06 nm while a 15 mm long fiber vibrates 

at 92 Hz with an amplitude of 1.33 nm 
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CHAPTER 4  

DETECTION LIMIT AND POSITION SENSITIVITY OF THE OPTICAL 

VIBROMETER 

4.1 Introduction 

The thermal vibration amplitudes of interest in this study are in the range of 

angstroms to nanometers. Structures vibrating by this amount deflect the laser beam by a 

similar amount. Increasing the distance between the sample and the detector increases 

position sensitivity, but reduces the power detected because of overfilling the detector. 

Therefore, there is a tradeoff between measuring position and the limit of power detection.  

In this chapter the vibrometer position measurement is characterized and optimized in 

terms of these two competing parameters. The chapter also represents a comparison of the 

performance of this system to other reported position detectors.     

4.2 Measurement of the Noise equivalent optical power 

A square wave with period T=2π, amplitude A=1, as shown in figure 4.1 can be 

expressed as 

𝑓(𝑥) = {
1,  for     0 < 𝑡 < 𝜋
0, for − 𝜋 < 𝑡 < 0 

(4.1) 
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The Fourier series of this periodic waveform can be represented as a summation of 

infinite number of sinusoidal signals. The mathematical representation in trigonometric 

form is  

𝑓(𝑥) = 𝑎0 +∑ (𝑎𝑛 cos(𝑛𝜔𝑡) + (𝑏𝑛 sin(𝑛𝜔𝑡))
∞
𝑛=1 (4.2) 

Where a0, an, and bb are coefficients of Fourier series and represent average/mean/DC 

amplitude, amplitudes of even components, and amplitudes of odd components 

respectively. For a duty cycle of 50% the Fourier coefficients are 

𝑎0 =
1

2𝜋
∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

= 0.5 

And for n≥1, coefficient of the even terms is 

Figure 4.1. One period of a square wave 
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𝑎𝑛 =
1

𝜋
∫ 𝑓(𝑥) cos(𝑛𝑥) 𝑑𝑥
𝜋

−𝜋

= 0 

And the coefficient of the odd terms is 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑥) sin(nx) 𝑑𝑥
𝜋

−𝜋

 

= {
0     if n is even
2

𝑛𝜋
 if n is odd

The resulting Fourier series can be expressed as- 

𝑓(𝑥) =
1

2
+
2

𝜋
sin(𝑥) +

2

3𝜋
sin(3𝑥) +

2

5𝜋
sin(5𝑥)…………         (4.3) 

The above equation demonstrates the distribution of amplitudes of a square wave among 

its sinusoidal components. 

Figure 4.2. A square wave and distribution of its voltage among DC and odd 

harmonics (Sine coefficients in Eq. 4.2) Image from chapter 2 of Signal and Power 

Integrity, 2nd edition 
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Noise equivalent power of two different QPDs are measured by modulating the intensity 

of the laser beam with an optical chopper. The chopper produced a near ideal square wave 

with 50% duty cycle. The laser output is set at 3 mW and less than 10% of this power is 

transmitted through the spatial filter. The splitter passes 99% of the remaining laser light 

to the QPD and 1% to the reference photodetector. The photodetector is connected to an 

optical power meter, which is read by the host PC. Power on the QPD is calculated from 

the ratio of beam splitter and the reading from the optical power meter (Sec. 3.4.1). The 

chopper is placed after the beam splitter and before the QPD (Fig. 3.3). The frequency of 

the chopper is set to 800 Hz and the modulated light signal is collected by QPD. The output 

is a square wave as shown in Fig. 4.2. Once the chopper speed stabilizes, the data is 

recorded, and a neutral density filter is placed in the beam path to lower the optical power 

to the QPD. The process is repeated until the peak of the fundamental 
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(at 800 Hz) is at the same level as the noise. 

NEP is calculated by monitoring the peak of only the fundamental frequency (at 

800 Hz) of the SUM signal when the peak is equal to the electronic background noise. Note 

that, the OPD output voltage is proportional to the incident laser power which makes the 

coefficients an, bn, and a0 (eq. 4.2) of chopped SUM signal proportional to the incident 

optical power. In Fig. 4.3a total power incident on the Thorlabs QPD is 0.183 µW which 

makes the power at the peak of the fundamental as 0.116 µW (i.e. 63.66 %. See Fig. 4.2b). 

Similarly, the peak is 0.135 nW when the incident optical power at QPD is reduced to 0.213 

nW (Fig. 4.3d) and this 0.213 nW which is the NEP of the Thorlabs QPD. Repeating the 

same measurements using the First Sensor QPD gives an NEP of 0.212 fW. 

Figure 4.3. Power spectra of the chopped laser beam incident on the Thorlabs QPD. a-d) 

Changes in spectral response of the SUM signal as the incident optical power at 800 Hz is 

reduced to 0.116 µW, 3.451 nW, 0.453 nW, and 0.135 nW 
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Before the measurement of the modulated signal is conducted, the dark power of 

both QPDs is determined. The dark power is measured by zeroing the power meter and 

then reading the power output of the QPDs in the dark. The dark power for the Thorlabs 

QPD is measured at 40 pW. However, the dark power measurement of the First Sensor was 

unsuccessful because of the lack of sensitivity of the optical power meter used in the study. 

The lowest detectable power by the optical power meter is 0.05 pW and the First Sensor 

QPD output was measured at 0.0 W in the dark. The power meter shows a 0.0 W because 

the dark power generated by the First Sensor QPD was less than 0.05 pW and the power 

meter rounds the number to 0.0W. Dark power is subtracted from the calculated NEP to 

get the actual NEP.  Table 4.1 compares the results from the NEP measurements of both 

QPDs. Because the NEP of the First Sensor QPD is 6 orders lower than the NEP of the 

Thorlab QPD, all the remaining experiments after this section is conducted by using the 

First Sensor QPD. 

Table 4.1. Comparison of NEPs between Thorlabs and First Sensor QPDs 

QPD 

manufacturer 

Dark Power 

(pW) 

Measured NEP 

(fW) 

NEP provided by 

manufacturer 

(fW) 

Thorlabs 40 95596 Not provided 

First Sensor <0.05 0.212 0.18 

4.3   Pulsed spectral response of the First Sensor QPD 

The frequency response of the vibrometer is measured by the technique described 

in section 3.4.2.1. A rectangular pulse (see Table 4.2) modulates the laser which is detected 

by the First Sensor QPD. The impulse has a rise and fall time of 18.0 ns. That is fast enough 
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to consider the signal as an impulse. Fig. 4.4a-b shows the input to the laser and SUM 

output of the QPD respectively. The response (power spectra) of the vibrometer due to the 

impulse is in 

figs.4.4c-d. The blue curves in these figures indicate the spectrum of the QPD SUM signal 

without modulation and the red ones are pulse modulated response. The average of the 

spectrum (straight lines in Fig. 4.4) only increases by 0.2 dB due to the pulse. 

Table 4.2. Parameters of impulse signal 

Parameters Value Change in spectral level 

Amplitude (V) 2.0 

0.2 dB 
Width (µs) 100.0 

Frequency (mHz) 100.0 

Rise time (ns) 18.0 

Figure 4.4. Impulse frequency response analysis of First sensor QPD. a) Impulse applied 

to the amplitude modulation port of the laser. b) Signal detected by the QPD at SUM 

output. c) Change in the spectral response of the SUM signal due to the pulse. d) Close 

up view of the spectral response. 
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Fall time (ns) 18.0 

4.4 Swept frequency response of the First Sensor QPD 

Fig. 4.5 shows a swept signal (Table 4.3) and the frequency response (Sec. 3.4.2.2) of the 

First Sensor QPD.   

The blue curves in Fig. 4.5a-b represent the SUM signal of the QPD when the 

laser is not modulated, and the red curve is when the laser is modulated. Figure 4.5c is the 

Figure 4.5. Swept frequency response of the First Sensor QPD. a) Changes in SUM 

signal of the QPD with sweep signal. b) Close up view of sweep and background 

SUM signal. c) Noise spectrum and the swept frequency response (SFR)  



74 

power spectrum of the signals in Fig. 4.5a-b. The blue spectrum, which is the Fourier 

Transform of the SUM signal without any modulation, increases by 61 dB due to the 

swept frequency modulation. 

Table 4.3. Parameters of SFRA test 

Parameters Value Spectral level Change 

Amplitude (V) 2.0 

21.0 dB 
Offset (V) 1.0 

Frequency span (Hz) 1-2500 

Time span (s) 100 

4.5 White noise response of the First Sensor QPD 
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Figure 4.6. Characteristics of white noise generator. a) Output voltage of the generator. 

b) Histogram of the output voltage. c) Power spectral density of the white noise.  
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The response of the First Sensor QPD is measured with the laser modulated by bandlimited 

white noise (Sec. 2.5.4 & 3.4.2.3). A custom built white noise generator is used for these 

measurements. Table 4.5 and Fig. 4.6 describe the characteristics of the white noise 

generator used to modulate the laser. Figs. 4.6a-c show the voltage, histogram and the 

power spectrum of the generator, showing it to be white over the 0-50 KHz. The output of 

the noise generator is cascaded with a fifth Butterworth filter (Filter response in Fig. 4.7b) 

to make it band limited. The band limited white noise is then offset by a 2.0 V DC prior to 

Figure 4.7. Filter response and white noise response. a) magnitude and phase response 

of the 5th order Butterworth filter. b) Frequency response of the SUM signal of the First 

Sensor QPD for white noise modulation. 
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sending to the laser to avoid inputting a negative voltage in the laser modulating port. The 

response of the SUM signal of the First Sensor QPD to the modulated laser is shown in 

Fig. 4.7b as a nearly flat spectrum over the filter passband (i.e. 1-10 KHz).     

Table 4.4. Parameters of the white noise generator 

Parameters Values (mV) Nature 

Maximum output voltage 600 

White 
Minimum output voltage -800 

Mean Voltage 1.5 

Standard Deviation 139.6 

 

A brief summary of all the linearity tests is given in table 4.5 

Table 4.5. Comparison of three linearity tests 

Num

ber 

Name of 

the test 

Frequency 

range tested 
Results Comment 

1 IFRA 0-12.5 KHz Linear 

• Fast 

• Limited energy delivered to 

the system under test 

• Not suitable to test a system 

with large frequency range 

2 SFRA 0-2.5 KHz Linear 

• Slow 

• Not limited by supply energy 

• System with all kinds of 

frequency range is testable 

3 WNT 1-10.0 KHz Linear 

• Fast 

• Low energy, energy can be 

increased with amplifier 

• Suitable for small band 

limited system 
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4.6 Dynamic range 

Dynamic range is the ratio of the highest measurable signal (without distortion) to 

the lowest measurable signal. For a detector with a maximum voltages of Vmax  and the 

minimum voltage  Vmin = VN  (is at the level of the noise floor), the dynamic range 

expressed is in dB is 

𝐷 = 20 𝑙𝑜𝑔 (
𝑉𝐹𝑆

𝑉𝑁
) (4.4) 

Dynamic range can be measured in the time domain and frequency domain analysis. Fig. 

4.8 shows the results in both domains. Because the estimated frequencies were between 

1.0-10.0 KHz range, the 5th order Butterworth filter and white noise generator (Sec. 3.4.2.3) 

Figure.4.8. Dynamic range of the First Sensor QPD. a) Time domain dynamic range 

measurement. b) Frequency domain dynamic range measurement.  
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are used for this measurement. The QPD (SUM signal) generates a root mean square 

voltage of 5.65 µV when the laser is driven by the white noise without any reduction in 

optical power. When the laser is attenuated to 3.5 OD with a neutral density filter the 

voltage decreases to 0.1 µV (Fig. 4.8a). This voltage reduction is 35 dB which is identical 

to the optical power reduction with the 3.5 OD filter. In Fig. 4.8b the spectral levels 

decrease from -107 dB to -144.2 dB which gives a dynamic range of 37.2 dB. This 2.2 dB 

difference could be due to the dark current in the QPD.     

4.7 Gaussian beam profiling 

The waist of the gaussian beam of the laser is measured by knife-edge measurement 

(Sec.2.9). Fig. 4.9 shows the result of this measurement and the waist of the beam is 

calculated to be 6.05 µm.  

 

 

Figure.4.9. Gaussian waist measurement 
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4.8 Sensitivity factor measurement of QPD  

Sensitivity factor of the QPD converts the voltage signal generated by the QPD into 

its equivalent displacement (Sec. 3.5). Figure 4.10 shows the measurement of this quantity 

using a 30 µm Schott glass fiber. The maximum sensitivity for this fiber is found to be 

0.152 mm/V which is measured at an approximate distance of 300 µm from the beam focus. 

This value is 0.149 mm/V for 125 µm fibers. For BOS structures, the sensitivity factor is 

always between these two numbers.  The sensitivity factor converts the QPD voltage into 

displacement. Multiplying the QPD Xdiff voltage (without any sample) with these two 

numbers gives the limit of detection of the vibrometer (Fig. 4.11).  

Figure. 4.10. Sensitivity of First Sensor QPD 
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4.9 Discussion 

The measured vibrometer characteristic are reported in sections 4.2-4.8 and they 

are summarized in table 4.6. A spectrum, without any sample, represented in terms of 

amplitude in meter is in Fig. 4.11 

Table 4.6. Summary of the measured First Sensor QPD characteristics 

Parameters Values Notes 

NEP (fW/√Hz) 0.212 
Tested with a sampling rate of 16,384 

Hz over a bandwidth of 8,192 Hz 

LOD (Å) 0.1-0.2 
Calculated by multiplying lowest and 

highest sensitivity factors S by Xdiff 

Linearity Linear Tested by three different approaches 

Dynamic range (dB) 37.2 

Tested both in time domain and 

frequency domain analysis. 35 dB 

using time domain. 

Beam waist (µm) 6.05 Measured by knife-edge technique 

Sensitivity (mm/V) 0.149-0.152 

Measured by scanning a 30 µm glass 

fiber. The variation in sensitivity S is 

for the samples reported in this study 
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The blue curve in this figure is a typical spectrum that shows noise equivalent 

displacement or LOD of the QPD. This blue curve is obtained by multiplying sensitivity 

factor 0.152 mm/V to the QPD Xdiff signal when there is no sample present in optical beam 

path. The straight green line is the RMS value that makes the LOD as 0.2 Å. Multiplying 

the same spectra (of QPD Xdiff voltage) with sensitivity factor 0.149mm/V gives an RMS 

LOD of 0.1 Å which is shown by red straight line. The range of sensitivity factor between 

0.149-152 mm/V dictates the LOD between 0.1-0.2 Å. 

To place the results in perspective, we compare the vibrometer with the results in 

the literature. Table 4.7 summarizes the optics-based displacement detection instruments 

reported from 1970 to date, including the vibrometer studied here. Note the prevalence of 

interferometry-based detection. Only three papers reported a lower detection limit of 

Figure.4.11. Limit of detection of the vibrometer. This Xdiff signal is measured with the 

laser beam centered for minimum displacement output. Xdiff is multiplied by S to give 

spectrum in m/√Hz. 
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amplitude compare to ours. Royer and Dieulesaint reported the most sensitive 

interferometer based detection with a sensitivity of 10-4 Å [125]. Denk [90] and Celik [126] 

reported lower sensitivities than the vibrometer. But note that all these works are based on 

interferometry, which is recognized as a being more sensitive than the incoherent method 

presented here.  

Table.4.7. Performance of several optical displacement detection methods 

Reference Type Resolution 

[127] Photomultiplier 5.0 µm 

[128] Interferometer 50 pm 

[129] Optical microscope 1.0 nm 

[125] Interferometer 10-4 Å 

[90] 

modified differential 

interference contrast 

microscope 

1 pm 

[130] 
optical-heterodyne 

interferometer 
0.26 nm 

[131] 
Balanced interferometric 

detection 
< 1.0 nm 

[132] Optical Heterodyne 5 nm 

[133] Optical trap 3 nm 

[134] Intensity modulation 90 nm 

[135] 
Confocal scanning 

microscopy 
5 nm 

[136] Optical modulation 14 nm 

[137] Speckle analysis 1 nm 

[138] 
Variable-air-gap optical 

waveguide 
1.7 nm 

[139] 
Optical coherence 

tomography 
10 nm 

[140] Optical heterodyne 0.2 nm 

[141] Michelson interferometer 10 nm 

[126] X-Ray interferometer 5 pm 

[142] Image processing 30.8 nm 

[143] Optical modulation 0.99 Å 
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The vibrometer reported 

here 
QPD based direct detection 0.1 Å 

Fig. 4.12 plots the reported detection limits by year, with interferometric and non-

interferometric methods distinguished. The sensitivity of our detection system is higher by 

~10X than the previous non-interferometric system reported [143]. 

4.10 Conclusion 

The vibrometer characterization has been in this chapter. The limit of detection of 

the QPD is below 0.2 pW. The sensor can detect vibration amplitudes as low as 0.1 Å (at 

a SNR of 1). IFRA, SFRA, and WNT tests indicate that the instrument is linear over a 12 

KHz bandwidth. The dynamic range of the instrument is 37.2 dB. Comparison with 

previous reports on displacement sensors shows the position measurement sensitivity of 

Figure.4.12. Trend of reported sensitivities of optical displacement detection since 
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the vibrometer is ten times better than the best non-interferometry based systems reported. 

In Chapters 5 and 6, the vibrometer will be used to measure the thermal vibration spectra 

of nanomechanical structures.
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CHAPTER 5  

DEMONSTRATION OF VIBROMETER WITH MICROFIBER CANTILEVERS 

5.1 Introduction 

This chapter demonstrates the ability of the vibrometer (Chapter 4) to detect and 

measure thermal vibrations of cylindrical microfibers.  Then in Chapter 6 the method is 

used to measure more complex-shape BOS structures. Using cylindrical fibers as 

cantilevers provides a useful reference structure for the calibration of the vibrometer. The 

fibers are 30 µm diameter glass fibers (Schott GOF85) and 125 µm single mode fiber optic 

light guides (Thorlabs SM600). The 30 µm fiber has about the same diameter as the beads 

of the BOS structures. The length of the cantilever is chosen to have stiffness in the same 

range as anticipated for the BOS structures. The uniformly cylindrical shape and refractive 

index of the fibers produces well controlled refraction of light. The vibrometer 

measurements of these fibers give results that are consistent with bulk property 

measurements of the modulus of the glass that comprises the fibers, and are shown to be 

sensitive enough to measure sub-nanogram changes in mass loading
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5.2 Mounting fibers in the vibrometer 

The fibers are highly insulating and build up charge which leads to them attracting 

dust and oil from the air. Therefore, before mounting them in the vibrometer, the fibers are 

cleaned with ethanol and deionized (DI) water, then dried with a filtered air gun. For 125 

m fibers, the buffer jacket is removed with a Newport Micro-Strip Precision Stripper. 

Then dry optical tissue is used to remove the residual particles left from the buffer layer. 

Mounting supports for the fibers are made from a glass microscope slide that is cleaned in 

the same way as the fibers, and then using a diamond dicing saw cut into a small-pieces 

(~1" × 0.75"). The fiber is hot glued (Gorilla 4" high-temp mini glue stick) to the glass 

support using a heat gun (Stanley GR25-Pro). The glass support is clamped into the long 

cylindrical holder (Fig. 5.1). In experiments where the fiber is driven by an external 

excitation, the glass is glued onto a piezo plate (STEMINC SM SPK2724300).  A second 

piece of glass glued to the piezo plate fits into the clamp of the sample holder. 
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The sample holder is mounted (as shown in Fig. 5.1) to a 3D nanopositioning stage (Mad 

City Labs Nano-2D200) that has positioning resolution of 1 nm (in all three axes) and a 

scan range of 200 µm.  The nanopositioner rests on top of two coarse positioning stages 

(Thorlabs L490 and XYR1) that provide alignment of the sample to the laser in x,y,z, (13.0 

mm×13.0 mm×57.4 mm) and 360° rotation in the x,y plane. 

The fiber oriented horizontally is positioned 10-20 µm above the laser beam for 

vibration measurements. The nanopositioner then scans the tip of the fiber downward 

through the laser beam while the deflection voltage from the QPD is recorded. This 

Figure 5.1. The mechanics used to position micromechanical structures, e.g. the fiber 

shown, in the laser beam path of the vibrometer. (1~2→ lenses, 3→fiber, 4→piezo 

plate, 5→glass slide, 6→nanopositioner) 
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measurement is repeated at several locations along the axis of the laser beam to determine 

the position of maximum sensitivity (as described in sec. 4.8). This position of maximum 

sensitivity is found ~ 15-20 µm from the waist of the beam. When the length of the 30 µm 

diameter fiber exceeds 20 mm, the fiber bends due to gravity, which makes the beam-fiber 

alignment difficult. Thermal vibration of other glass fibers has also been studied. Thorlabs 

SM600 single-mode fiber is tried without any kind of modification to the fiber structures. 

The translation curve (Fig. 4.9) with this fiber is distorted due to the buffer jacket. Later 

the buffer is removed, and vibration is measured. Sensitivity S (Sec. 3.5) of a 125 µm 

diameter fiber is measured to be 149 µm/V, while for the 30 µm diameter fiber the 

sensitivity is measured to be 152.0 µm/V (as in Sec. 4.8).                 

 

5.3 Thermal vibration measurements 

5.3.1 Measurements of 30 m fibers 

Vibrometer measurements of thermal vibration (i.e. no external drive) are 

performed with the First Sensor QPD (Figs. 5.2-5.6). The spectra are calculated by FFT 

from 20 s of data sampled at a 5 KHz rate. The laser spot size is chosen between 28-32 µm 

that correspond to the maximum sensitivity factor S (Sec. 3.5) by placing the sample away 

from the focus, for measurements of the 30 m fibers and 120-130 µm for the 125 m 

fibers. Table 5.1 reports the vibration parameters derived from the spectral measurement 

by fitting the spectra with the Lorentzian (Eq. 2.8) by the technique described in Appendix 

B. The parameters are also modeled (stiffness k using eq. B1 in Appendix B, amplitude 𝑥̅ 

using eq. 2.71 and resonance frequency f0 using eq. 2.9. Manufacturer provided value of 

elastic modulus E=71 GPa and density ρ= 2650 Kg/m3 are used in these model equations.     
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Table 5.1. Measured and modeled results for cantilevered fibers 

Dimension Measured from spectra Modeled 

Sampl

e # 

d 

(µm

) 

L 

(mm

) 

f0 

(Hz) 

SN

R 

(dB) 

𝒙̅ 

(Å) 

k 

(mN/m

) 

Q f0 

(Hz) 

𝒙̅ 

(Å) 

k 

(mN/m

) 

1 30 10.2 
209.

2 
31.2 7.3 8.1 

27.

0 

209.

5 

7.1

5 
8.0 

2 30 20.9 49.4 41.4 
19.

2 
0.93 8.3 49.9 

21.

0 
0.93 

3 125 60.2 24.1 53.2 6.0 11.1 5.0 25.0 5.9 11.8 

4 125 20.05 
224.

4 
23.8 1.2 313.9 

39.

0 

225.

9 
1.1 318.0 

(Measured f0, 𝑥̅, and k using eq. 2.8. Modeled f0 using eq. 2.9, 𝑥̅ using eq. 2.71, and k 

using eq. B1) 
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Figure 5.3 is the spectrum of Sample 1. The 1/f noise is evident up to 10.0 Hz. The 

narrow peak at 60 Hz is leakage of line voltage from the QPD power supplies. The peak at 

209.2 Hz is the fundamental resonance of the fiber. As shown in Table 5.1, the peak 

amplitude is 7.3 Å and Q is 27. The modeled values (Appendix B) of 209.5 Hz and 

amplitude of 7.15 Å closely matches the measured values.  

      For the spectra of the 20.9 mm fiber (Fig. 5.4) the modeled and measured values are 

also close to each other. 

Figure 5.3. Thermal vibration spectrum of Sample 1. Inset: Closeup of the resonance 

that is fit to eq. 2.8 by method from Appendix B that yields the measured values 

reported in Table 5.1 
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Figure 5.4. Thermal vibration spectrum of Sample 2.  Inset: Closeup of the peak that 

was fit to eq. 2.8 by method from Appendix B that yields the measured values reported 

in Table 5.1 
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5.3.2 Measurements of 125 m fiber optics 

These cantilevers are stiffer than the cantilevers made with the 30 m fibers, giving 

amplitudes that approach the noise floor limited detection limit.  Even for Sample 4 that 

has only a 1.1 Å amplitude, it is nonetheless possible for the modeled and measured 

parameters to closely match each other.    

Figure 5.5. Thermal vibration spectrum Sample 3, Inset: Closeup of the peak that was 

fit to eq. 2.8 by method from Appendix B that yields the measured values reported in 

Table 5.1 
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Table 5.1 shows how the vibration parameters change based on the dimension of 

the fibers. The white noise background (above 10 Hz) is ~0.1 Å (calculated by multiplying 

the QPD difference voltage by sensitivity factor S as described in sec. 4.9). As an example 

of the structures (Sample 4 in Table 5.1) that can be measured by thermal vibration (with 

no external drive), from eq. 2.71, a stiffness of 0.3 N/m and Q of 39 has an average 

amplitude of 1.2 Å at resonance is measured at SNR=23.8. Stiffness of 0.3 N/m and less 

that can be measured. If the Q is 1, then the minimum stiffness that can be measured at 

SNR=1.8 is 0.001 N/m (using Eqs. 2.8 and 2.71). 

5.4 Externally driven vibration measurements 

As part of vibrometer development it worth verifying that the spectrum remains 

Figure 5.6. Thermal vibration spectrum Sample 4.  Inset: Closeup of the peak that was 

fit to eq. 2.8. 
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Lorentzian at levels lower than the noise floor. Therefore, the fiber cantilevers are also 

excited with an external drive signal. The samples are mechanically excited with a piezo 

plate (StemInc Smspk724300) driven with constant amplitude (white) swept frequency 

signals (using method described in Sec. 3.4). 

Sample 1 is tested by the swept frequency method (Sec. 4.4). The frequency sweep 

is from 270 to 370 Hz at a linear sweep time of 100 s. The amplitude of the sweep signal 

is 1.5 V, which is observed to generate the strongest signal. Higher drive levels cause the 

piezoplate to produce distorted vibration signals and nonlinear harmonics.  The driven 

vibration spectrum is viewable over a greater dynamic range than the thermally excited 

spectrum (Fig. 5.7) while showing a Lorentian shape to lower levels for thermal vibration 

spectrum. Drive signal increases the vibration amplitude from 5.13 Å to 15.6 nm, while the 

Figure 5.7. Comparison of the spectra of Sample 1 fiber excited by thermal noise (blue 

curve) and by a piezoplate driven with a swept frequency signal (red curve). 
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Q from 34 to 37, which is probably due to the influence of noise on estimating the half-

power points (eq. 5.1b).  

Figure 5.8 shows the same comparison for Sample 5 (a 14.52 mm x 30 m fiber).  The 

piezo-plate is driven with a 1.2 V, 50-150 Hz, 100 s sweep. Driving the cantilever increases 

the amplitude from 1.2 nm to 38.13 nm.  The Q of 17.9 is the same whether driven or 

thermally excited.  

5.5 Young’s modulus from the thermal vibration spectra 

Thermal vibration spectra of microstructures have been used as sensors, e.g. in the 

calibration of AFM cantilevers[20, 144, 145], determination of optical trap stiffness[76, 

Figure 5.8. Comparison of the spectra of Sample 5 (14.52 mm x 30 m fiber) driven by 

thermal noise (blue curve) and by a piezoplate (red curve). 
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146, 147], ultra-small mass detection[148-150], and various temperature, pressure and 

composition related environmental changes. In this section we demonstrate these 

capabilities by determining Young’s modulus of the fibers and in measuring mass loading 

of the fibers from thermal vibration spectra.   

The elastic properties of cantilevered glass fibers are associated with the parameter of the 

lumped-element mass-spring-damper system presented in Chapter 2.  

  

Figure 5.9 shows the thermal vibration and best Lorentzian fits to equation 2.8 (by method 

of Appendix B) for two fiber cantilevers. In Fig. 5.9a the resonance frequency is 135.3 Hz, 

the vibration amplitude 𝑥̅ is 0.991 nm and Q is 23. These values of 𝑥̅ and Q are from a first 

fit to eq. 2.8 that correspond to the best fit (see Appendix B for detail of fit technique) with 

 

Figure 5.9. Thermal vibration spectra (blue curves) and Lorentzian fits (red curves) of 

a) a 12.72 mm x 30 m and b) a 16.45 mm x 30 m fiber cantilever.  
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the smallest root mean square errors (RMSE) values. Q from this first fit is then used in a 

second fit to eq. 2.31 to calculate elastic modulus E. Unknown parameters δ and R (Sec. 

2.8.1) are also determined from this second fit using the same lowest RMSE error as the 

goodness of the fit. These values are reported in Table 5.2.   

In Fig. 5.9b the 16.45 mm fiber has a resonance frequency of 81.4 Hz, a vibration 

amplitude of 1.45 nm and a Q of 13. The average Young’s modulus found from these fits is 

72.32. 

5.6 Comparing Young’s modulus results with the force-elongation measurement 

method  

As a verification that the method of thermal vibration along with the spectral fitting 

(Appendix B) gives reasonable results, Young’s modulus is measured by a classic 

macroscopic method of measuring stress vs. strain from force vs. change in length. Three 

glass fibers with different lengths are stretched while the force and length changes are 

recorded.  

In the linear elastic regime of a material, a tensile force F is applied to a fiber of cross 

sectional area A and length L, causes the length to increase by ΔL. The parameters when 

combined to give stress/strain, gives Young’s modulus as 

𝐸 =
(
𝐹

𝐴
)

(
𝛥𝐿

𝐿
)

 (5.1)
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A digital slide caliper (Mitutoyo Cd-6 CSX, accuracy 10 µm) measures the length 

change. Force is measured with a laboratory balance (Mettler PM4000, sensitivity 10 μg). 

One end of the fiber is rigidly attached to the weighing plate of the balance and the other 

end is attached to the caliper. Silver epoxy (MG Chemicals 8330S) is found to be a 

sufficiently rigid adhesive for the forces applied to the fiber (10 mN - 0.3 N). The first 

reference position (corresponding to zero force) is with the fiber initially tensioned at an 

elongation of 10-30 µm. The fiber is stretched up to ~ 10 % (0.5 GPa) of the elastic limit 

(~5.0 GPa) of typical glassess.  This corresponds to around 300-600 µm maximum 

extension and at a force of ~ 0.2 N) for the samples. 

Figure 5.10 shows the force distance response of two 30 m fibers. Red triangular spots 

in the curve represent the actual measurements and the blue line indicates the fit of the data 

to a straight line. 

Figure 5.10. Force-elongation response of a) 56.4 mm and b) 95.2 mm long glass 

fibers 
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The slopes of the curves in Fig. 5.10a and b give a Young’s modulus of 72.84 GPa and 

68.25 GPa.Table 5.2 compares the two types of measurements of Young’s modulus. 

Table 5.2. Results of vibration measurements and force-elongation. 

Thermal vibration spectra Force-elongation 

L 

(mm) 

𝒙̅ 

(Å) 

f0 

(Hz) 
SNR 

R 

(μm) 

δ 

(μm) 

Q Et 

(GPa) 
Eavg 

L 

(mm) 

Ef-l 

(GPa) 
Eavg 

8.95 
5.8

6 
252 31.3 190 4.43 31 71.98 

72.32 

30 67.49 

69.53 
12.7

2 

9.9

1 

135.3

2 
53.9 221 6.05 23 71.87 56.4 72.84 

16.4

5 

14.

5 
81.4 55.3 287 7.80 13 73.1 95.2 68.25 

Columns shaded with blue in the table are values determined from the fitting method 

(Appendix B). The average value of Young’s modulus derived from the thermal vibration 

measurements is 72.32 GPa which is close to manufacturer provided value of 71 GPa. And 

the average value from the force-elongation measurement is 69.53 GPa. 

Despite using shorter fibers than the force-distance method and the high levels of 

background noise in the spectral measurements of the Young’s modulus measurements, the 

thermal vibration method produces lower standard deviation. These results demonstrate the 

accuracy and applicability of thermal vibration spectra for characterizing the elastic 

properties of microstructures. 

5.7 Discussion on Modulus measurement 

There are numerous techniques to measure the elastic properties including elastic 

modulus. Numerical calculation[151-153] and finite element analysis[154-156] are used as 

a preliminary step to predict the elastic properties of unknown/new synthetic materials in 

order to choose a proper instrument for actual measurements. Experimental techniques 
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include scattering, tensile (Force-elongation), AFM/indentation and spectral resonance 

measurements. Raman[157, 158], X-rays, and neutron scattering[159] spectroscopies are 

widely used when the materials are in liquid or powdered form, Table 5.3 summarizes these 

techniques and their accuracies. 

Table 5.3. A comparison of methods of measuring elastic properties  

Category Reference Technique Accuracy (± %) 

Computational 

modeling 
[151-153] 

Numerical calculation 

and Finite element 

analysis 

NA 

Scattering 

[157, 158] Raman Scattering 2-5 

[160-163] X-Ray scattering 5-40 

[159, 164-

166] 
Neutron scattering 2-8 

Tensile [167-169] Force-elongation 5-15 

Indentation/ 

AFM based 

[170-177] Nano-indentation 2-20 

[168, 178-

183] 
AFM indentation 3-25 

[75, 180, 184-

188] 
AFM force measurement 5-25 

[189-192] Three-point bending test 3-18 

Spectral 

identification of 

resonance 

[193] Forced vibration 2-14 

[24, 194-199] 

Thermal vibration 

1-10 

vibrometer 

(this report) 
1-5 

While scattering based techniques, especially Raman scattering, provides the most accurate 

(as low as 2%) measure of elastic properties, a laser vibrometer achieves the same accuracy 

with a fraction of cost and measurement time. 
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5.8 Measurements of mass loading  

The vibrometer also is able to sense small changes in mass loading, well as 

numerous other environmental changes.  Nanomechanical properties are influenced by 

changes in air pressure, density and relative humidity[200-202], temperature[203, 204], 

adsorption (mass loading), and adsorption-induced surface stress[205-207]. Changes in the 

environmental variable are reflected in changes in amplitude, Q and resonance 

frequency[208-210]. In 2004 Gupta et al.[25] measured the mass of a single vaccinia virus 

(9.5 fg) by using a laser doppler vibrometer.  Here we specifically report on measurements 

of mass loading and demonstrate a sensitivity as low as 120 ng. 

5.8.1 Mass detection by shifts of the resonant frequency 

Shifts in the resonance frequency are used to estimate mass loading.  To correctly 

account for mass loading, it is important to recognize that the effective mass m* is actually 

the mass that gives the resonance frequency 

 𝑓0 =
1

2𝜋
√𝑘/𝑚∗  (5.2) 

The effective mass 𝑚∗ = 𝑛𝑚 is usually a fraction n of the total mass m of the sample that

accounts for differences in displacement along the length of the cantilever. Its value 

depends on the shape of the sample. Mass that is more concentrated towards the tip 

produces an effective mass that is closer to the total mass of the cantilever. For a cylindrical 

cantilever, the value of n is 0.243.   

Changes in the resonance frequency can be caused by perturbations in both mass 𝛿𝑚 and 

stiffness 𝛿𝑘 (due to surface stress produced by adsorbate). The shifted frequency written 

in terms of these perturbations is 
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𝑓1 =
1

2𝜋
√
𝑘 + 𝛿𝑘

𝑚∗ + 𝛿𝑚
                                                           (5.3) 

For small changes in stiffness and mass equation 5.3 can be approximated as 

𝑓1 = 𝑓0 [1 +
1

2
(
𝛿𝑘

𝑘
−
𝛿𝑚

𝑚∗
)]                                            (5.4) 

When stiffness changes are ignorable such as loading with a low viscosity liquid, eqs. 5.3 

and 5.4 can be combined and approximated to give 

𝛿𝑚 =
𝑘

4𝜋2
(
1

𝑓1
2 −

1

𝑓0
2)                                                  (5.5) 

 

5.8.2 Measurement of mass of adsorbed liquids 

Mass loading measurements are made of liquid drops adsorbed to the tip of fiber 

cantilevers. For comparison, masses are also estimated by image analysis of drop volumes.  

Table. 5.4. Summary of mass detection experiments 

 Frequency shift Image analysis  

Material 
Frequency shift 

(Hz) 

Mass 

(µg) 
Q* Volume 

(10-12 m3) 

Mass 

(µg) 

Relative 

difference 

(%) 

Oil 1.0 0.1216 13→8 0.1109 0.102 16.12 

Glycerin 

33.6 7.23 13→11 8.269 10.42 30.61 

19.61 3.20 13→17 3.108 3.971 19.4 

11.6 1.655 13→10 1.36 1.714 3.4 

*→ represents after mass loading 

The frequency shift method is performed as follows. First the unperturbed frequency is 

measured, then the tip of a cantilevered fiber is immersed in the liquid. Either a single drop 
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or a string of drops forms at the tip of the fiber. The tip is then placed under the microscope 

to measure the location of the drop. When multiple drops form, all of them, except the one 

closest to the tip, are blotted off by sliding a paper tissue along the fiber. The preferred 

configuration is for the remaining drop to rest a few micrometers away from the tip of the 

cantilever so that a cylindrical shape is presented to the vibrometer’s laser beam. For the 

comparison measurement, the same drop is photographed under the microscope and the 

dimensions of the image are measured to determine volume of the drop. Resonance 

frequency f0 is the only parameter needed to measure the loaded mass and f0 is determined 

by visual inspection for all the spectra presented in this section. Figure 5.11 shows that the 

frequency decreases by 1.0 Hz with this loading of a 14.3 mm x 30 m fiber. Using the 

shifted and unshifted frequencies in equation 5.4 gives a mass of 121.6 ng. 

Figure 5.11. Frequency shift due to added mass of the oil drop in Fig. 5.12. 
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Figure 5.12 shows that the shape of the drop departs from spherical. The volume is 

estimated by fitting it to three volume elements (labeled 1,2,3 in the figure): a cylinder, 

hollow sphere, and a cone with a cylindrical section removed from their centers.  The drop 

volume is measured to be 

𝑉 = 𝑣1 + 𝑣2 + 𝑣3  = 1.1091 × 10
−13𝑚3

Multiplying by the density of the oil 920 Kg/m3 gives a drop mass of 102.0 𝑛𝑔  which is 

16% lower than by the thermal vibration measurement. This difference appears to be 

mostly due to the limited frequency resolution of the spectrum. The frequency resolution 

in this figure was 1.0 Hz which translates to a mass resolution of 120 ng. Increasing the 

frequency resolution to a factor of 10 would give the shifted frequency to anywhere 

Figure 5.12. Dimension of oil drop on fiber tip 
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between 0.1 to 0.9 Hz. That means the mass measured from the spectra could be 10-90% 

off from the real value.  These results, and for 3 other droplets are summarized in Table 

5.5 with spectra and droplet images given in Figs. 5.13-18. 

Figure 5.13. Frequency shift when a glycerin drop of Fig.  5.14 is adhered to the fiber. 
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The measurement is repeated with the drop of glycerin in Fig. 5.13.  This time the data is 

collected for 10 seconds (instead of 1 second) giving a frequency resolution in the spectrum 

of 0.1 Hz (corresponding mass resolution of 12 ng).  As shown in Fig. 5.14, the resonance 

decreases by 33.6 Hz. From equation 5.7, the mass of the glycerin drop is 7.23 µg. The 

shape of the drop in Fig. 5.14 is modeled as a prolate ellipsoid (minus the cylindrical 

volume of the fiber).  The major axis is a = 146.15 µm and the minor axis is b = 116.97 

µm. The mass of the drop along with fiber is then calculated as 

𝑚1 = 𝑉1 × 𝜌 =
4

3
𝜋𝑎𝑏2 × 1260 = 10.55 ng

Subtracting the mass of the fiber (0.1229 ng) from this ellipsoid would yield a mass of 

10.42 µg .  This is 1.44 times larger than the mass calculated from the spectra. A possible 

Figure 5.14. A drop of glycerin near the tip of the fiber 
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explanation could be the large changes in the spectral shape due to the large change in Q 

that are not accounted for in the model. 

Figure 5.15. Shift in resonance frequency for the added drop of glycerin in Fig. 5.16. 
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Figure 5.16. Image of glycerin drop on fiber tip 
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Figure 5.17. Frequency shift for the addition of the glycerin drop in Fig. 5.18. 

Figure 5.18. Small asymmetric glycerin drop on fiber tip. 
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Figs. 5.16 and 5.18 show two glycerin drops of smaller size than in Fig. 4.14. The 

corresponding spectra are Figs. 5.15 and 5.17. The change in the resonance frequency 

decreases with the drop size. Mass calculated from the spectral shift are 3.2 and 1.6 µg 

respectively whereas the mass from the image analysis are 3.9 and 1.7 µg. The differences 

in two techniques are also decreased to 19.4 and 3.4 %. This trend suggests that accuracy 

of the mass detection is higher for smaller sized drops. It is estimated using eq. 5.5 that the 

accuracy of the detection can be achieved to 1.2 picogram (compared to 120 ng for drop 1 

and 12 ng for drops 2-4) by increasing the sampling resolution to 0.0001 Hz (compare to 

1.0 Hz for drop 1 and 0.1 Hz for drops 2-4), but, that better resolution comes with an 

increase in data acquisition time by a factor of 1000 (i.e. longer experiment time). The 

sensitivity can be further improved using a longer cantilevered fiber of lower stiffness. 

These suggestions however only true if the Q of the vibration does not decreases more than 

~10% from the original structure (i.e. fiber). 

5.9 Review of mass detection methods 

The most sensitive mass detection methods are cryogenic detection[211-213], 

Fourier transform ion cyclotron resonance (FTICR)[214-216], charge detection[217-219], 

ion trapping[220-222], and nanomechanical resonators[223-227]. A comparison of these 

techniques in terms of their detection sensitivities is given in the table 5.5[228] 

Table. 5.5. A comparison of ultra-small mass detection techniques 

Technique Reference 

Range of detection 

sensitivity (Da) 

Da=1.66×10-27 Kg 

Limitations 

Cryogenic detection [211-213] 1-107

Poor energy 

resolution for 

charge 

determination 
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FTICR [214-216] 105-108 Time consuming 

measurements 

Charge detection [217-219] 1012-1015 
Requires high 

potential difference 

Ion trapping [220-222] 105-1017 

Only applicable to 

very highly charges 

objects 

Nanomechanical 

resonators 
[223-227] 105-1014 

Stiffness of the 

resonators must be 

known 

Cryogenic detection which is based on time of flight measurement is the most sensitive 

mass spectrometry that can detect a mass as low as 1 Da (atomic mass unit). This technique 

along with the next three methods in the table require acceleration of the target objects 

through a high electric or magnetic field. While these techniques offer a better mass 

detection capability, they also come with large set-up and maintenance cost due to regular 

calibration requirement. Our detection technique falls under nanomechanical resonator 

category. A nanomechanical sensor with 1.66 Da resolution has been reported by J. Chaste 

et al. [229] which is the lowest detection limit reported in this category. These highly 

sensitive resonators are either nanotubes that several hundred nanometers long or 

micromachined cantilevers where the stiffness of the cantilever is minimized significantly 

by carefully choosing their dimensions. These structures have much high resonance 

frequencies (MHz-GHz) than the fiber cantilevers.  Because mass loading changes are 

relative to the resonance frequency, much larger frequency shifts occur for the higher 

frequency sensor. This sensitivity of our detection can be improved to at least 2-3 orders 

of magnitudes by 1) increasing the duration of the time-series data 2) using a thinner fiber 

3) using a softer fiber 4) using a longer fiber.
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5.10 Conclusion 

This chapter demonstrates that the vibrometer (outfitted with cantilever glass 

microfibers) can 

• Detect thermal energy driven Brownian fluctuations down to amplitudes as low as

0.1 Å without any external excitation. 

• Measure Young’s modulus of the glass microfibers to within 3.0%.

• Measure mass loading down 120 nanogram and with increased frequency

resolution by increasing data acquisition time and using low stiffness fibers, it could 

measure down to 1.2 picogram.  

These studies confirm the usefulness of the vibrometer for studying vibrations of polymer 

BOS structures, which is the subject of chapter 6. 
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CHAPTER 6  

THERMAL VIBRATION SPECTRA OF BEAD-ON-A-STRING (BOS) FIBERS 

6.1 Introduction 

The fabrication and processing of polymer fibers has been extensively studied due 

to the broad applicability of polymer fibers in lightweight structural materials, textiles, and 

device concepts, including fiber optics, sensors and smart clothing. Fabrication techniques 

such as electrospinning[230-232], brush on[112, 233], extrusion, injection molding[234], 

and vacuum transfer molding produce fibers with diameters ranging from tens of microns 

to tens of nanometers[235-237]. Lightweight fiber-polymer composites are increasingly 

preferred to traditional metal and alloy materials for aircraft, sporting goods and car bodies 

because of their high strength to weight ratio, 

Figure 6.1. Change in elastic modulus of PEO fiber and film with temperature. Graph 

from [230]. 



115 

stability, heat and chemical resistance, and recyclability[238]. Achieving desirable 

mechanical properties during fiber manufacture, to a large extent, relies on empirical 

methods.  One of the main reasons for the limited understanding needed for predictive 

control is that polymers are large molecules that, as a result of chain entanglements and 

correspondingly very high viscosities and large relaxation times, seldom reach their 

thermodynamic equilibrium when being processed into fibers.  Studies continue to be 

needed to better understand the dynamics of fiber formation in order to predictably 

manufacture fibers with the designed material properties and dimensions. 

A particularly interesting fiber formation process is the one that results in bead-on-

a-string (BOS) fibers[2] (Fig. 2.1).  The formation of these fibers demonstrates unusual 

dynamics that produce structures that while appearing stable, are actually far from 

thermodynamic equilibrium in terms of the BOS structures and the underlying molecular 

chain organization. For reference, other well-known materials are non-equilibrium 

materials, including steel and diamond, which are rapidly cooled or depressurized from the 

melt to prevent conversion to equilibrium iron and graphite phases. Polymers, due to their 

long chain lengths that cause chain-chain entanglements, seldom fully equilibrate even at 

extremely slow cooling rates. 

The shape and molecular organization of the chains determines the mechanical 

properties of BOS fibers.  Environmental changes including temperature and humidity can 

affect molecular organization, which should be reflected in the mechanical properties of 

the fiber and the thermal vibration spectrum.  Also, there can be dramatic changes in bulk 

properties over a narrow temperature range from molecular reorganization near the 

crystallization temperature, glass transition temperature, and the transition temperature 
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from rubber to rubbery flow. It is the goal of this chapter to see if such changes are 

detectible with the vibrometer.  The mechanical model of the spectrum (eq. 2.7) provides 

access to elastic modulus E which is affected by molecular organization.  A successful 

outcome to this study is the demonstration of detectability.  If successful, future studies 

will be devoted to an in-depth examination of the mechanics of BOS fibers to develop an 

understanding of the role of molecular organization in establishing the mechanical 

properties of the polymer materials and of BOS fibers made from these materials.  In other 

words, the purpose of this study is to show that the vibrometer is a viable tool for the study 

of the material properties of polymers by sensing small changes in mechanics of BOS 

fibers.  

6.2 Thinning dynamics of polymer liquid threads 

This section reviews how polymer fibers, dynamically transform from threads of 

polymeric liquids into fibers, including BOS fibers. This involves discussion of rheology 

of polymeric liquid and molecular organization of polymers in both the liquid and solid 

state. BOS fibers form structures within a few seconds that appear stable and unchanging 

to the eye.
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However, the microscopic or molecular level organization is not fully stabilized both 

mechanically and thermodynamically[239-242]. 

Fig. 6.2[243], which is a sketch of the strain dependence on strain rate for typical 

linear chain polymers, shows time-dependent changes in material properties and state[244-

247].  The rate dependent properties can be a source of instabilities that underlie the 

formation of BOS fibers.  The curve suggests that a liquid polymer thread changes its 

elastic behavior at various deformation rate. At a very low deformation rate, the elongation 

of the polymer thread is very high due to large viscous flow. This large and dominant 

viscous flow is only limited by capillary instability at this point. Deformation at higher 

rates brings the thread to a rubbery state that increases to a maximum value (indicated by 

the second dotted vertical line). At the maximum, most of the strain comes from the 

Figure 6.2. Limiting deformation as a function of the deformation rate. Graph from 

[243] 
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deformation and almost none from the viscous flow. At even higher deformation rates the 

thread behaves as a glassy and barely stretchable material. The hardening of the material 

with strain rate is referred to as “strain hardening”.  During BOS formation the strain and 

strain rate due to capillary forces varies dramatically both in time and position between the 

bead and fiber regions, with the polymer chains being highly strained and extended in the 

fiber regions and relaxed and unstrained in the bead regions. Way to observe changes in 

the state of the molecular stretching throughout the BOS fiber is the overriding motivation 

for the development of the vibrometer. 

6.2.1 Polymer properties of interest 

This section considers the scope of material properties that affect the thermal 

vibration of BOS structures. Some of the properties that are exclusive to polymers are 1) 

entanglement, 2) crystallinity 3) glass transition temperatures (Tg), and 4) cross-linking. 

And all of these properties affect stiffness of the BOS fiber and the Young’s modulus of 

the underlying material. The density of polymer chain entanglements also changes due to 

strain induced deformation[248-250]. Degree of crystallinity changes due both to heating 

above the melting point and with strain rate. [251-254] Glass transition temperatures also 

decrease 
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with decreased thickness (of both fibers or thin films) [255-257]  Cross-linking is relevant 

to this study because entanglements are essentially transient crosslinks. At shorter times, 

entanglements behave as crosslinks and at longer times the entanglements impede viscous 

flow. All of these polymer properties affect the elastic modulus of the polymer micro-nano 

structures as shown in Fig. 6.3. 

Figure 6.3. Factors that contribute to static and dynamic modulus of elasticity 
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6.3 BOS formation 

The most comprehensive model of BOS formation is Bhat et al[2]. BOS fibers form 

from polymeric liquid threads when there is a specific balance among 1) viscous, 2) 

gravitational, 3) capillary, and 4) elastic forces. At the scale sizes of the threads in this 

study (under 1 mm), surface tension or capillary force dominates over gravity.  Capillary 

force drives viscous flow that makes a thread thin into a fiber. In the absence of elastic 

force, the thread would ultimately thin to the point of breaking. (For a simple liquid like 

water, the thread will break apart into droplets.) The elastic force, together with a dramatic 

rise in viscosity is supplied by the entanglement and longitudinal extension of the polymer 

chains and their lateral confinement as the fiber thins into a decreasingly thin fiber channel.  

Liquid flow appears to virtually stop resulting in a stable fiber.  However, after even longer 

times the extended polymer chains begin to relax and form droplets, separated by fiber 

regions where the chains are too entangled to relax. At even longer times the fiber segments 

can relax into smaller droplets separated by even thinner fibers. [258]    

6.3.1 Features of BOS 

The BOS structures are formed by brushing polymer liquid  over a micropillar array 

(Sec. 3.3) that has either 500 µm or 1 mm edge-edge spacing (i.e. gap) between pillars. The 

resulting fibers have diameters of 50 -200 nm with a length to diameter aspect ratio of 

2500-20000. For these aspect ratios, bending stiffnesses are 0.05-15 µN/m (by eq. 6.13).   

A summary of the characteristics of the fibers studied, including thermal vibration 

amplitudes are given in Table 6.1. 

Table 6.1. Estimated characteristics of BOS fibers in this study 
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Parameter Range Note 

Total length (L= L1 + L2 +D) 0.5-1.0 mm 
Measured with Optical 

microscope 

String diameter (d) 50-200 nm Measured with SEM 

Bead diameter (D) 5-20 µm 
Measured with Optical 

microscope 

Aspect ratio (L/d) 2500-20000 

Bending stiffness (k) 0.05-15 µN/m eq. 6.13 

Resonance frequency (f0) 10-800 Hz eq. 6.15 

Amplitude of vibration (x) 4-65 nm eq. 2.59 

Q 0.5-7.0 eq. 2.70 

6.3.2 Theory of BOS vibration 

The BOS fiber is modeled here as a spherical bead with a mass of m supported on 

a massless beam (or “string”) of length L. The bead is located at distance of L1 from the 

Figure 6.4. Free body diagram for beam analysis of BOS fibers. 
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left and L2 from the right support. At steady state mechanical equilibrium, the weight 𝐹 =

𝑚𝑔 is counterbalanced by the summation of the reaction forces Ra and Rb. Net force FT is 

zero based on Newton’s second law  

∑𝐹𝑇 = 0 = 𝑅𝑎 + 𝑅𝑏 −𝑚𝑔  (6.1) 

where g is acceleration due to gravity. For fixed-fixed boundary conditions, the net 

moment at the left side of the structure is 

∑𝑀𝑜𝑚𝑒𝑛𝑡𝑠 = 0 = 𝑅𝑏𝐿 − 𝑚𝑔𝐿1 

which for a centered bead 2L1=L gives 

𝑅𝑏 = 𝑅𝑎 =
𝑚𝑔

2
 (6.2) 

The sum of the moments at the right side of the segment is 

∑𝑀𝑜𝑚𝑒𝑛𝑡𝑠 = 0 = −𝑅𝑎𝑥 + 𝑚𝑔 < 𝑥 − 𝐿1 > −𝑀 (6.3) 

Where <x-L1> is a step function defined as 

< 𝑥 − 𝐿1 >= {
−0, 𝑥 < 𝐿1

𝑥 − 𝐿1, 𝑥 ≥ 𝐿1
(6.4)   

Substituting eq.6.3a into equation 6.3 yields 

𝑀 = (−
𝑥

2
+< 𝑥 − 𝐿1 >)𝑚𝑔 (6.5) 

The moment 

𝑀 = 𝐸𝐼
𝑑2

𝑑𝑥2
y(x) (6.6) 
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is proportional to the second derivative of displacement where E is Young’s modulus and 

I is the moment of inertia. Substituting eq. 6.5 into equation 6.4 gives 

𝑌" = (−
𝑥

2
+< 𝑥 − 𝐿1 >)(

𝑚𝑔

𝐸𝐼
) (6.7) 

which after integrating twice gives 

𝑌(𝑥) = (−
𝑥3

12
+
<𝑥−𝐿1>

3

6
) (

𝑚𝑔

𝐸𝐼
) + 𝑎𝑥 + 𝑏 (6.8) 

where a and b are the undetermined coefficients that depend on the specific boundary 

conditions of the problem.  For the fixed-fixed boundary conditions 

𝑌(0) = 0, 𝑌(𝐿) = 0  (6.9)

gives b = 0 and 

𝑎 = (
𝐿2

16
) (

𝑚𝑔

𝐸𝐼
)           (6.10) 

and finally 

𝑌(𝑥) = (−
𝑥3

12
+
𝑥𝐿2

16
+
1

6
< 𝑥 − 𝐿1 >

3) (
𝑚𝑔

𝐸𝐼
) (6.11) 

for the fixed-fixed beam with concentrated applied force at its center. 

The displacement of the bead at the center x=L/2 is 

𝑌 (
𝐿

2
) =

1

48
(
𝑚𝑔𝐿3

𝐸𝐼
)  (6.12) 
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Identifying mg=F then this expression has the form of Hooke’s law for a linear spring of 

spring constant 

𝑘 =
𝐹

𝑦
=
48𝐸𝐼

𝐿3
(6.13) 

Using this expression for stiffness in the eq. 2.9 for natural frequency gives 

𝑓0 =  (
1

2𝜋
)√

𝑘

𝑚
=  (

1

2𝜋
)√

48𝐸𝐼

𝑚𝐿3
(6.14) 

For a non-centered bead with fixed-fixed end support condition, eq. 6.15 becomes[259] 

𝑓𝑛 =
1

2𝜋
×

1

𝐿1𝐿2
√
3𝐸𝐼𝐿3

𝑚𝐿1𝐿2
(6.15) 
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6.4 Vibrometry of BOS fibers 

Vibration spectra are monitored for each BOS fiber (Table 6.2 and Fig. 6.6) over several 

hours. Dimensions L1 and L2 are measured from the edge of the left and right pillars to the 

Figure 6.5. Image of BOS fiber 1. a) Location of the bead relative to pillars. b) 

Geometry of the elliptical bead.  

Figure 6.6. BOS fibers with bead locations indicated of Samples 1,3-5 in 

Table 6.2 
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edge of the bead-fiber attachment point. The diameter of the bead D is measured both 

horizontally and vertically to calculate the average diameter as shown in fig. 6.5. A 

summary of their vibration parameters is in Table 6.2. 

Table.6.2. Parameters of BOS fibers 

Sample 
L1/L2 

(µm) 

D 

(µm) 

𝒇𝒐
(𝑯𝒛) 

x 

(nm) 
Q 

1 
280.1/ 

192.7 
11.2 

335.7→282.5 

→259.3 

56.9→65.0 

→57.5 

1.7→1.65 

→1.61 

2 
236.8/ 

253.4 
9.4 

185.9→178.2 

→176.5 

75.19→75 

→81.1 

1.4→1.38 

→1.31 

3 
303.4/ 

167.2 
9.0 79.45→78.8 3.89→3.28 0.2→0.19 

4 
419.1/ 

79.5 
6.1 

1089→1059 

→1053→1051 

24.8→30.1 

→27.9→27.5 

3.1→3.0→

2.97→2.97 

5 
393.6/ 

94.7 
3.9 NA NA NA 

→ represents shifted value after each 1 hour delay 
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A typical BOS fiber is shown in Fig. 6.5. Its dimensions are measured within 10 

minutes of fabrication (Sec. 3.3.2) and then the fiber is transferred to the vibrometer for 

measurement. 

Fig. 6.7 shows the thermal vibration spectra for 0, 1 and 2 hrs. As shown in Table 6.2, the 

resonance frequency is 335.7 Hz, the amplitude is 56.9 nm and the Q is 1.7. Also shown 

Figure 6.7. Thermal vibration of Sample 1. a) Spectra and b) close up of the spectra. 
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Figure 6.8. Thermal vibration of Sample 2. a) Spectra from 0-2.5 KHz. b) Spectra 

around the peaks and c) with offset 

 

 

Figure 6.9. Thermal vibration spectra of Sample 3 a) full spectra and b) Lorentzian fit 
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Figure 6.10. a) Thermal vibration of Sample 4. b) Spectra around resonance with 

offsets. 

Figure 6.11. Thermal vibration of Sample 5. No resonance is detected for this 

structure.  
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in Table 2, at 1 and 2 hrs the frequency shifts downwards with only small changes in Q 

and amplitude.   

Figs. 6.8-6.11 shows the thermal spectra of four more BOS structures as they cure 

at normal room temperature, humidity and pressure. These shifts could be due to numerous 

underlying factors that would be investigated in future studies.  For instance, the resonance 

frequency of BOS1 changes from 335.7 Hz to 282.5 Hz. If this 53.2 Hz change is caused 

by a single underlying factor such elastic modulus E, then it represents a 30% reduction in 

the modulus (by using eq. 6.15), which is a change from 9 GPa to 4.96 GPa. Our system 

can detect changes in resonance frequency as low as 1.0 Hz for structures with low Q factor 

like this one. A 1.0 Hz change in resonance frequency can be attributed to a corresponding 

modulus change of 0.006 %. If we consider this 53.2 Hz change was caused by water loss, 

it would represent a 25.4% loss of water. The mass of the bead needed to become 0.663 pg 

from 0.89pg which is 0.227 pg. Similar to the elastic modulus, a 1.0 Hz resonance 

frequency could represent a mass loss of 0.006%. All these hypothetical numbers show the 

same relative change as the elastic modulus, if the resonance frequency change was due to 

the change in stiffness rather than water loss or elastic modulus, because the stiffness is 

directly proportional to the elastic modulus.      

6.5 Discussion 

Thermal vibration spectra of BOS fibers are measured as they go through their final 

stages of drying. These vibrometer measurements appear to have sufficient sensitivity to 

study the late stage dynamics of liquid-solid transformation of BOS fibers. Subtle time-

varying changes in chain entanglement density, percent crystallization, percent water 

incorporated, cross-linking density (in case of a crosslinked polymer), will affect BOS 
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mechanical properties and could be observable as changes in the vibration spectrum, 

resonance frequency, amplitude of vibration and Q. Stiffness, which is a lumped element 

parameter is proportional to the elastic modulus, and entanglement density, glass transition 

temperatures, and percent crystallinity all affect modulus which is reflected in stiffness 

from the lumped element model. While the vibrometer can accurately detect a frequency 

change as low as 0.1 Hz if the Q is greater than 10, the low Q of BOS structures limits 

frequency resolution to 1.0 Hz. For a BOS structure with a Q of 2, a 1.0 Hz change in 

resonance frequency could be due to ±2% changes in elastic modulus or stiffness or mass 

loss due to water evaporation. 

Table 6.3. Relative change in material properties that would cause a -1 % shift of 

f0 in eq. 6.15. Specifically calculated for f0 = 10 Hz and Q = 2 

ΔE/E (%) Δk/k (%) Δm/m (%) 

-2 -2 +2 

6.6 Conclusion 

It is important to be able to measure and understand how polymers cure and their 

mechanical properties evolve as the transform from liquids into solids. Additionally, the 

role of temperature, humidity, strain rate, etc. affect the solidification process.  The 

development of the vibrometer appears to be a promising candidate for probing these time 

varying changes, and it can be applied to monitoring evolution of these properties in 

nanostructures and nanodevice fabrication methods. The vibrometer detects thermal 

vibration, including the complete instantaneous vibration spectra of nanostructures with 

sub-nanometer resolution.
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APPENDIX A  

COMPARISONS OF THE FIRST SENSOR TO THE THORLABS QPD 

Dark voltage measurements 

Dark voltages are recorded with sensor placed in an unlit enclosure. Fig. A1 shows 

that the Xdiff signal for the Thorlabs QPD is 21 mV compared to 2 mV for the First sensor 

QPD. Fig. A2 shows the noise that accompanies the dark voltages. The noise is from the 

curves of Fig. A1 with the DC level subtracted out.  The rms noise levels are 21, 72 µV for 

the First, Thorlabs sensor respectively. The spectra of the noise from Fig. A2 as calculated 

by FTT is shown in Fig. A3.  The noise spectra for the SUM signals are shown

Figure A1. Xdiff dark voltage comparison 
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in Fig. A4. The noise floor for the First sensor QPD is 13.1 dB lower that the Thorlabs 

QPD. 

Figure A2. Xdiff dark signal comparison of noise levels 

Figure A3. Comparison of the spectral behavior for Xdiff signals 
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The Thorlabs spectra show a broad peak around 2800 Hz which is not present in the First 

Sensor spectrum.  The SUM signal is only 9.3 dB lower for the First Sensor.  The First 

Sensor also shows numerous large spikes.  The spikes are 60 Hz and its harmonics. First 

Sensor’s lower overall noise of Xdiff than SUM and the missing 60 Hz signal in Xdiff 

indicates that the First Sensor QPD has good common mode rejection. 

Voltage measurements when the QPDs are illuminated 

The QPDs are illuminated with the laser regulated at 3.6 mW output, 847.6 nm and 

25.7° C.  Each QPD is illuminated with the same optical power. The next two figures show 

the raw SUM and Xdiff voltages produced by 

Figure A4. Xdiff voltages with laser on 
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the QPDs while the laser beam illuminates the active sensor areas.   The Thorlabs QPD 

signal drifts more than the First sensor QPD. 

Figure A5. SUM voltages with laser on 

Figure A6. Comparison of the spectral behavior for SUM signals (with laser on) 
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The above two Figs. A6-A7 show the white noise level of the First Sensor QPD is lower 

than the Thorlabs detector by about the same amount (12.95 dB) as when there is no 

illumination. These difference in noise levels for Xdiff, Ydiff, and SUM signals are all about 

13 dB lower for the First Sensor QPD. 

QPD responses when a glass microfiber is translated across the beam 

The following figure is the comparison between Ydiff signal produced by two 

sensors while a 30 µm diameter optical fiber is translated across the laser beam along Y-

axis. The peak-peak amplitude of Ydiff for the First Sensor QPD is 150.21 mV compared 

to 130.77 mV for the Thorlabs QPD. 

Figure A7. Comparison of the spectral behavior for Ydiff signals (with laser on) 

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
-200

-180

-160

-140

-120

-100

-80

-60

-40

-20

0

Frequency(Hz)

P
o

w
e

r 
(d

B
V
)

 

FS

TL
FS

rms

TL
rms



173 

Note these curves are different than the one shown in chapter 4 (Fig. 4.10) because the 

laser spot was probably not perfectly aligned while conducting this measurement.

Figure A8. Translation data comparison (Ydiff signal) 
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APPENDIX B  

PARAMETER CALCULATION & SPECTRAL FITTING 

Parameter Calculation 

The amplitude, resonance frequency and stiffness of the fiber cantilevers reported 

in chapter 5 are modeled using the following equations 

𝑓0 =
3.52

2𝜋𝐿2
√
𝐸𝐼

𝜌
 (2.9 𝑀𝑜𝑑𝑖𝑓𝑖𝑒𝑑)    

𝑘 =  
3𝐸𝐼

𝐿3
 (𝐵1) 

𝑥̅ = √
𝑘𝑏𝑇

𝑘
                                                                       (2.71) 

The values for elastic modulus E=71 GPa and the density ρ=2650 Kg/m3 are taken from 

the specification sheet provided by the manufacturer. 

The model is compared with estimates of the same parameters from the measured spectra 

of thermal vibration.  The Q is calculated using the following equation 

𝑄 =
𝑓𝑐

∆𝑓
=

𝑓𝑐

|𝑓1−𝑓2|
(2.10a) 

Fig. B1. shows how Q is determined in practice when the vibration spectrum is close to the 

noise floor.  The red solid line is the average of the spectra (moving average filter with 500 

data points that corresponds to 50 Hz). The peak of the resonance is at 224.4 Hz and f1 and
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 f2 are at 221.53 Hz and 227.27 Hz respectively. This half-power bandwidth of (f2-f1) gives 

the Q of 39 according to eq. 2.10a. 

Spectral fitting 

The vibration spectra measured with the QPD is fit to 

𝑆𝑥(𝑓) =
𝑥̅2/(𝜋𝑄𝑓0)

(1−(
𝑓

𝑓0
)
2
)
2

+(
𝑓

𝑄𝑓0
)
2

(2.8) 

Procedure 

1. Input the modeled 𝑥̅ and 𝑓0 into the eq. 2.8 and initiate a fit to the measured spectra

using Matlab curve fitting toolbox. Trust-region algorithm of the toolbox is chosen 

for the fit. 

Figure B1. Q estimate from a noisy thermal spectrum of a 20.05 mm x 125 µm 

cantilevered glass fiber. 
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2. Matlab establish a fit and return a Q (for example 2.5) with an upper and lower

bound (for example 1.5-3.5) value along with a goodness of fit (R-square value, 

adjusted R-square, SSE and RMSE). 

3. An array of values of Q is created with increment of 0.1 between values. The first

value of the array is slightly below the lower bound suggested by the Matlab and 

the last value is slightly above the upper bound. 

4. All Q values in the array are fitted to eq. 2.8 and corresponding goodness

parameters are recorded. 

5. The fit with the lowest adjusted R-square and RMSE for Q is chosen as the best

fit. Once the best Q is found, the 𝑥̅ is varied by ±25 % with 1 % increment to find the 

best the 𝑥̅ value. 
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In some cases, a single fit with both adjusted R-square and RMSE is not found. In those 

cases, adjusted R-square for linear fit and RMSE for Lorentzian fit are chosen as the 

goodness of fit. It is noted that the peak of the spectrum is lower than the reported value of 

Figure B2. Thermal vibration spectra of a 20.9 mm long glass fiber and its Lorentzian 

fits to find best fit. Black curve represents the best fit with an RMSE error of 3.45 Å 

(18%) for 𝑥̅ (fit value) and 0.3 (3.61%) for Q (fit value) at a resonance frequency of 

49.4 Hz (fixed value).   
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𝑥̅ = 19.2 Å. To clarify the difference between the peak of the Lorentzian and 𝑥̅ 

a theoretical spectrum is shown in Fig. B3.

Figure B3. Theoretical Lorentzian spectra (eq. 2.8) with 𝑥̅ = 1 𝑛𝑚 and Q varies as 

5.0>3.0>1.0>0.5>0.1. * represents the constant 
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APPENDIX C  

MODEL OF BOS VIBRATION 

Estimates of BOS mechanical properties in Table 3.5 were calculated using the equations 

presented in Sec. 2.2-2.4 specialized for a structure of the form in Fig. C1.  

Figure C1. Bead on a string structure 

This is a repeat from earlier in this or another chapter.  Reference that.  Only call out the 

previous equation and how you specialized it for this BOS. L1=L2=L/2 The bead on a 

string structures can be modeled as a discrete mass located at the center of string attached 

securely on two end supports. In case of this study, the supports are micro pillars. The mass
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 of the string is negligible compared to the mass of the bead. The stiffness of the string at 

center (where the bead is attached to the string) is from eq. 6.13 for I for a cylinder gives 

𝑘 =
48𝐸𝐼

𝐿3
 (1𝐶) 

The moment of inertia for a thin rod with a uniform cross section is 

𝐼 =
𝜋

4
𝑟4 

=
𝜋

64
𝑑4  (2𝐶) 

And the fundamental natural frequency of the BOS can be expressed using eq. 2.9? 

𝑓0 =
1

2𝜋
√
𝑘

𝑚
 =

1

2𝜋
√
48𝐸𝐼

𝑚𝐿3
= 0.244√

𝐸

𝐿3
𝑑2  (3𝐶) 

Due to the nature of the BOS, the vibrational amplitude, frequency, quality factor of 

the spectra are influenced by a large number of factors. To predict the mechanical 

characteristics of the BOS, numerical analysis has been conducted using Matlab. The 

simulation is set up for the following assumptions 

1. The bead is spherical in shape.

2. Only a single bead is present along the string exactly at the center of the structure.

3. The cross-sectional area of the string is uniformly cylindrical.

4. There is no gravitational effect on the string.

5. The distance between the micro pillars is 0.8 mm in length.
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6. Viscous drag is due to the presence of air only and there is no turbulence. (Sec

2.4.2) 

7. Elastic modulus of the polymer fiber is 7.6 GPa

8. Density of the polymer is 1210 Kg/m3

Fig. C2 inset shows that stiffness ranges from 0.055 μN/m to 14.33 μN/m for string 

diameters from 0.2 to 0.8 m. While the stiffness of the BOS depends only on the diameter 

of the string, the vibrational frequency depends both on the string diameter and the bead 

diameter. Fig. C3 shows natural frequency as a function of string and bead diameters. For 

the string diameters of 0.2 to 0.8 m, the frequency varies between 12 to 740 Hz.  Viscous 

Figure C2. Dependence of BOS stiffness on string diameter. 
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damping due to the presence of air at room temperature and pressure corresponds a quality 

factor of 

𝑄 =
2𝜋𝑚𝑓

𝛾
 =
2𝜋𝑚𝑓

6𝜋𝑟𝜂
 (4𝐷) 

Figure C3. Change in vibrational frequency with string and bead diameters 
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Fig. C4 shows that Q varies between 0.1 and 2.7 for stiffnesses ranging from 0.055 to 14.33 

μN/m.

Figure C4. Change in quality factor with bead and string diameters 
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APPENDIX D  

CALCULATION OF MASS OF LIQUID DROPS FROM IMAGE ANALYSIS 

Fig. D1 shows the fiber tip along with the drop formed by using microscope immersion 

oil. In order to calculate the volume (and mass), the structure is divided into three 

different shapes, a hollow cylinder (marked by 1), a hollow sphere (marked by 2) and a 

hollow cone (marked by 3). Calculations of the volume of these shapes are given below. 

Volume of the hollow cylinder 𝑣1 = 𝜋(𝑟2
2 − 𝑟1

2)ℎ = 6.1269 × 10−14𝑚3

Figure D1. Dimension of oil drop on fiber tip 
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Figure D2. Dimension of the cylindrical part of the structure formed by oil drop 
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Volume of the hollow sphere 𝑣2 =
4

3
𝜋(𝑅2 − 𝑟2)

3
2⁄

= 3.9299 × 10−14𝑚3

Volume of the hollow conic 𝑣3 = [
1

3
(𝑟1
2 + 𝑟1𝑟2 + 𝑟2

2)ℎ − 𝜋𝑟2
2ℎ] × 2

Figure D3. Dimension of the spherical part of the structure formed by oil drop 

Figure D4. Dimension of the conical part of the structure formed by oil drop 
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= 1.0344 × 10−14𝑚3

Total volume of the added oil on the fiber is 

𝑉 = 𝑣1 + 𝑣2 + 𝑣3 

= 1.1091 × 10−13𝑚3

Mass of the oil drop 

𝑚𝑎𝑠𝑠 𝑚 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 × 𝑣𝑜𝑙𝑢𝑚𝑒 

= 920 𝐾𝑔𝑚−3 × 1.1091 × 10−13𝑚3 

= 1.0204 × 10−10𝐾
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APPENDIX E  

IMAGES OF EXPERIMENTAL SET UP 

Images of actual experimental set up are shown in this Appendix. Fig. E1 is a panoramic 

view showing all the components of the set up and Figs. E2-E4 are close ups views of 

different sections from left-right

Figure E1. Panoramic view of optical set up 
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Figure E2. Laser and laser driver 

Figure E3. Spatial filter, collimating/focusing lenses, sample mount, and 

nanopositioner   
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Figure E4. Beam splitter, navigating camera, optical chopper, and QPD 
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