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ABSTRACT
CROSS-VALIDATION FOR AUTOREGRESSIVE MODELS

Christina Han

August 3, 2022

There are no set rules for choosing the lag order for autoregressive (AR) time
series models. Currently, the most common methods employ AIC or BIC. However,
AIC has been proven to be inconsistent and BIC is inefficient. Racine proposed an
estimator based on Shao’s work which he hypothesized would also be consistent, but
left the proof as an open problem. We will show his claim does not follow immediately
from Shao. However, Shao offered another consistent method for cross validation
of linear models called APCV, and we will show that AR models satisfy Shao’s
conditions. Thus, APCV is a consistent method for choosing lag order. Simulations
also show that APCV performs as well, and in some cases, performs better than AIC,

AlICc, and BIC.
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CHAPTER 1
INTRODUCTION

Before getting into the formal math and definitions, we should keep in mind

the big picture:

Our goal s to find a good way to determine how far into the past we need to look in

order to predict the future.

In a modern world, forecasting is vital for everything from economic predic-
tions to DDoS detection. An essential part of creating good models is using good
model selection and evaluation techniques. Cross-validation (CV) is a standard pro-
cedure for model selection and evaluation with the benefit of making use of the entire
data set. However, CV techniques are typically reserved for independent data where
shuffling data will not impede the validity of the error measure. A natural extension
of CV would be to apply it to time series data. However, time series observations are
not independent, and keeping the temporal order of the data is important for model
building and evaluation. Recent literature has applied modified cross-validation tech-

niques to time series data [1| [5] [8] [L1] [12] [21] [22] [28]-



In particular, Racine uses a technique called hv-block cross-validation, a mod-
ified version of Shao’s BICV (cross-validation based on balanced incomplete block
design) and Burman et al.’s h-block cross-validation, in which the data is kept in
temporal order and some data is removed around the test set in order to create
independence between the training and test data [22]. Racine leaves proving that
hv-block cross-validation is consistent as an open problem, but he conjectures that
it should follow immediately from Shao’s work on cross-validation for linear model
selection. We will show that this is not true, as not being able to shuffle the data
means that we cannot achieve a balanced incomplete block design except in trivial
cases. However, Shao offers an alternative to BICV called APCV which does not
depend on the BIBD, and it is designed specifically for linear models. While his
proofs and examples are for deterministic predictors, he asserts that his results hold
almost surely for random variables. Thus, we will use Shao’s work as a framework
to show that APCV is a consistent estimator for order selection in autoregressive
models.

Chapter 2 introduces basic concepts primarily for time series data, as well
as a few general concepts necessary to understand folowing chapters. Section 2.1
covers foundational definitions and notation, and in 2.2 we discuss and define cur-
rent methods for determining the lag order of AR(p) models. We define commonly
used penalized methods like Akaike information criterion (AIC) and Bayesian infor-
mation criterion (BIC), and an algorithm called false nearest neighbors (FNN) [17].
All methods have been used for order selection with time series data. We briefly

discuss some cross-validation based methods, APCV and HVCV, but leave thorough



discussion of these methods in the literature review.

Our literature review is contained in Chapter 3. We cover the most relevant
results from Shao [25], Burman et al [8], Racine [22], Cerqueira et al. [12], and Zeng
[28]. We use these papers to help guide our work and show that APCV is consistent
for choosing lag order in autoregressive models.

In 3.1.1 we cover Shao’s results for three different methods for model selection
[25]. The first is balanced incomplete cross-validation (BICV) which is based on his
version of balanced incomplete block design (BIBD). BIBD is the set of rules used for
choosing training and validation sets used in BICV. Shao’s second method is Monte-
Carlo cross-validation (MCCV) which is less computationally expensive than BICV.
In MCCV we use a randomly selected subset of the training and validation sets for
model selection rather than all sets determined through BIBD. Shao’s last method,
analytic approximate cross-validation (APCV) is the least computationally expensive
of the three methods, but tends to require a larger data set to be competitive with
BICV and MCCV. APCYV is also limited to linear models, and expansion to other
models is left as an open problem.

Section 3.1.2 covers Burman, Nolan, and Chow’s modified leave-one-out cross-
validation method for dependent data called h-block cross-validation. This method
keeps the data in temporal order and removes h data points from training around
the test point. Leave-one-out cross-validation is inconsistent and since h-block cross-
validation is LOO when h = 0 it follows that it is also inconsistent.

In 3.1.3 we cover Racine’s remedy for the inconsistency of h-block cross-

validation with his method hwv-block cross-validation (HVCV). Like h-block cross-



validation HVCYV keeps the data in temporal order, and removes h observations
around the test set, but the test set size is larger than one observation. This fol-
lows the intution from Shao, that the validation set must be large in order to get
an accurate prediction error. However, we show that HVCV’s consistency does not
follow immediately from Shao and we provide a simple explanation as to why HVCV
generally cannot satisfy Shao’s BIBD.

Cerqueira et al.’s work is covered in 3.1.4. They survey various cross-validation
and out-of-sample methods for model evaluation. They determine that cross-validation
methods do not work as well as out-of-sample methods with real-world data. We do
note that their work focuses on model evaluation, whereas our work is in line with
Shao and Racine and we focus on order selection. The subtle difference between
model evaluation and order selection being that in order selection the goal is to find
the correct size of the model, and in model evaluation we have presumably already
determined the size of the model and are now gauging how the model performs on
unseen data.

Finally, in 3.1.5 Zeng provides more examples and insight as to why HVCV
does not follow from Shao, and provides a comprehensive list of papers that inherit
the mistake from Racine. Zeng also provides a python package with different cross-
validation and out-of-sample methods for temporal data.

Our main result can be found in Chapter 4. Using Shao’s work as the frame-
work, we show that APCV is a consistent method for choosing the lag order of an
autoregressive model. We explain all necessary assumptions and notation. For Shao’s

results to hold for AR models we need to show that Shao’s conditions are satisfied; so



we adapt his conditions to the time series setting and prove them as lemmas. After
proving the three lemmas hold, Shao’s results follow for autoregressive models.

Simulations and examples with real world data in R can be found in Chapter
5. In 5.1 we provide a comparison of AIC, AICc, BIC, HVCV, and APCV with
simulated data. We use the arima.sim function to create four different simulated
data sets with 1000 observations for AR(2), AR(3), AR(4), and AR(5) models. Since
we have the ground truth, we can easily evaluate each method’s output. For the real-
world example in 5.2, we follow Racine’s example [22] and use G7 exchange rates
data sets for the following six countries: Canada (CAD), Germany (DEM), France
(FRF), Great Britain (GBP), Italy (ITL), and Japan (JPY) taken from [13]. We
compare the selected lag order for the following methods: AIC, AICc¢, BIC, HVCV,
and APCV. Then to evaluate each method we check the results against the PACF
plots since, unlike the simulated data, we do not know the ground truth. In both
the simulated and real-world examples we will see that APCV performs as well
as other methods, and frequently outperforms other methods for order selection in
autoregressive models.

The Appendix is reserved for two smaller results and detailed proofs for four
of Shao’s results. These proofs provide information and context that is not readily
available, but is too dense to fit well elsewhere. We also use the appendix to write

out all of the details of Shao’s proofs where it is relevant to our work.



CHAPTER 2
DEFINITIONS

2.1 Definitions

2.1.1 Linear regression models

A commonly used, and relatively versatile, model is the linear model of the
form

y=z'B+e

where y is a response variable, x is a p-dimensional input vector, 3 is a p-dimensional
vector of real valued parameters, and e is a random error with mean 0 and variance
o

Typically, to estimate 8 we minimize the sum of squared error (SSE), which

gives the distance of the data points to the regression line.



2.1.2 Consistency

For linear models, we want to estimate a parameter § € R. A sequence of
estimators [3,, n = 1,2, ... of a parameter (3 is said to be consistent if it converges in

probability to the true value of 5. That is, for all ¢ > 0
lim P(|f, —B|>¢)=0
n—oo

or equivalently

lim P(|f, — 6] < &) =1.

2.1.3 O, O,, and o,

Suppose a,, and b,, are real-valued sequences. Then a,, = O(b,,) if there exists
a C € [0,00) such that |a,| < Clb,| for all n € N.

Let X, be a sequence of random vectors, then we say X, is bounded in
probability or tight, written X,, = O,(a,), if Ve > 0 there exist constants c. and n.
such that P(|X,,| < c.a,) > 1—¢ for all n > n.. We say X,, = o,(a,) if for any ¢ > 0
there exists n. such that P(|X,| <ea,) >1—¢ for all n > n..

For fixed integers k and ¢, a natural extension of this definition for real-valued
sequences of k x ¢ matrices A, and real-valued sequence b, is that A, = O(b,) if
and only if there exists a C' € [0, 00) such that |[A,]; ;| < C|b,| for all n € N where

[A,];; is the element in the ith row and jth column of A,,.



2.1.4 Balanced incomplete block design (BIBD)

We will use Shao’s simplified version of BIBD which only has two conditions.
For BIBD to be satisfied, let 2 be a collection of b subsets of {1,...,n} that have
size n,. 4 is selected according to two conditions:

(a) for every i, 1 < i < n appears in the same number of subsets in Z

(b) for every pair (i,7), 1 <7 < j < n appears in the same number of subsets
in #

We will give an example of how the BIBD may be employed. Let n = 7 so the
observations in the data set are indexed {1,2,3,4,5,6,7}. We would like to create a
set of 7 subsets with n, = 3 that satisfies the conditions (a) and (b). Such a set &

would be

{{1,2,4},{2,3,5},{3,4,6},{4,5,7},{5,6,1},{6,7,2},{7,1,3}}.

Upon investigation we can see that each number appears 3 times and appears with

distinct numbers only once. Thus, (a) and (b) are satisfied and % is a BIBD.

2.1.5 k-fold cross-validation

Cross-validation is a procedure used for model selection and parameter tuning
which makes full use of the data by not reserving a portion of the data only for testing.
The most commonly used cross validation technique is k-fold cross validation, where
k is the number of times we will “fold” or split the data set. Meaning, if we have a
data set of size n and we are applying k-fold cross validation, we would randomly

split the data set into k validation sets with n/k observations in each set (give or



take a sample if n is not divisible by k). We run the algorithm & times, training the
data on the n —n/k samples not in the validation set, then test the generated model
with the reserved samples. In this way, we make full use of the given data since we
would have the option to not reserve a portion of the data only for testing. Using the
entire data set for model selection is advantageous for small data sets in particular.

For consistency, we will use Shao’s notation and vocabulary when discussing
cross-validation. Let n be the number of observations in a data set, n, be the size of
the validation set, and n. = n — n, be the training set size.

For a simple illustration, consider 5-fold cross-validation where n = 100 and
n, = 20, so n. = 80. We would randomly select 20 observations five times without
replacement to create the validation sets. Then we reserve the first validation set,
run the algorithm with the remaining 80 data points, and test our model with the
validation set. We repeat this procedure 5 times, once for each validation set. Fig-
ure 2.1 illustrates the procedure, with each blue block being the 20 samples in the

validation set for that trial.

All 100 observations

Trial 1 [
Trial 3 ]
Trial 5 -

Figure 2.1: Illustration of 5-fold cross validation




2.1.6 Leave n,-out cross-validation

Shao [25] presents a version of cross-validation that he calls leave “n,-out
cross-validation”. It differs from k—fold cross-validation in a few ways: first, instead
of choosing £ for the number of folds, we choose n, - the size of the training set.
Then based on the BIBD conditions from section 2.3, we split the data into b blocks.
This leads to the largest difference between k—fold and leave n,-out cross-validation;
in k-fold, the validation sets are disjoint, but in leave n,-out, there are overlapping
samples except in the case when n, = 1 which is equivalent to n-fold cross-validation
(LOO).

Only certain combinations of b, n and n, lead to a BIBD. We can use the
following to find if we can satisfy the BIBD conditions with fixed b, n and n,. Let
k; be the number of times the ith observation appears in % and k; ; be the number

of times the pair (i,7), ¢ # j appear together in . We claim that

ki = (2.1)

and
E*(n, —1)  nyb(n, —1)

hig = (n—1)  nn-1)

(2.2)

where k* is the number of times an observation appears in . To see (2.1), note that
the total number of positions overall is > """  k; = n,b, and for (a) to be satisfied,
ki =ky=---=ky, so (2.1) follows.

Based on condition (b), we know that the ith observation appears in k*(n, —
1) pairs since it appears in k* subsets and can be paired with the n, — 1 other

observations in each subset. Then > "  k*(n, — 1) and by (b) it follows that k; ; =

10



kiy=---=kij-1 =kijz1 ="+ =k, and k;; = 0. Therefore (2.2) holds for ¢ # j.
In many cases the only option is to construct % such that [b| = (TZ), which
could be exceptionally computationally expensive. To reduce the expense, Shao
presents a solution he calls Monte Carlo cross-validation (MCCV(n,)) which ran-
domly selects a subset Z C % to use for the trials. Note that this is still different

from k—fold cross-validation since the test sets are still not guaranteed to be disjoint.

2.1.7 Time series data

A time series Y = {y1,Ya,...,yn} is a set of observations y; recorded at time
t. Formally, a time series is a realization of a stochastic process, where a stochastic
process is a family of random variables {y;,t € T} defined on a probability space
(Q, Z#, P). They can be used for regression (forecasting) or classification problems.
Time series can be univariate or multivariate and discrete or continuous. We are
focused on discrete univariate time series for regression problems.

A famous discrete time series data set is the “Lynx” data set that recorded
the annual Canadian Lynx trappings from 1821 to 1934, shown in Figure 2.2 [10].
We can see that the number of trapped lynx is dependent upon time.

If {y:,t € T} is such that var(y;) < oo for all ¢ € T then the autocovariance

function for r,s € T is given by

Yy(r,8) = Cov(yr, ys) = El(yr — E(yr))(ys — E(ys))]-

A time series (with index set Z) is considered stationary if for all r;s,t € Z

1. E|yt|2 < 0

11



Annual Canadian Lynx trappings 1821-1934
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Figure 2.2: Canadian Lynx Plot
2. E(y;) =m

3' Vy("d, S) = Vy(r ‘l’ t, S + t)
If {y;,t € Z} is stationary, then we can write the autocovariance function as
’}/y(h) = Cov(yt+h7 yt) Vt7 h e Z.

Then ~,(-) is the autocovariance function of {y;}, and yx(h) is the value at lag h,

where lag is the time difference.

We can visualize the difference between a non-stationary and stationary time

series in Figure 2.3.

12



Non-stationary time series
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Figure 2.3: Non-stationary time series

Stationary time series

0 200 400 600 800 1000

Time

vs a stationary time series

An ARMA (p, q) process is causal if there exists a sequence of constants {1}

such that 327 [¢;] < oo, and

Yt = Z Vjer—j
j=0

where e;_; is white noise with mean 0 and variance 0. Equivalently, we can define

a causal process in terms of the characteristic equation,

V(2) = 2P — 2Pt — .

Note that in [6], the AR model is written as

(b(B)yt = €4,

— @/Jp‘

where B is the backshift operator such that B(y;) = -1 and ¢(2) =1 — 1z —... —

BpzP. Then the condition that all roots of 1 lie inside the unit circle is equivalent to

13



the condition that all roots of ¢ lie outside of the unit circle since

¢(1) ep—ﬁlepfl—...—ﬁpid)(e).

(&

ep ep
So

t(e) # 0 when |e| > 1 if and only if ¢(e) # 0 when |e| < 1.

Causality is a statement about the relationship between the processes {y;} and {e;}.
We can also define stationarity as when all of the roots of the characteristic equation
do not lie on the unit circle. Thus, causality implies stationarity.

The autocorrelation function of {y;} at lag h is defined as

py(h) = 7, (h)/7,(0) = Corr(Yen, yi)-

As a naive method of determining the lag order for modeling time series we

can look at the autocorrelation plot, an example is shown in figure 2.4.

Series lynx

ACF
0.0 0.2
|

Figure 2.4: Autocorrelation plot of the lynx data set

14



The partial autocorrelation function of {y;} at lag 1, written «(1) is

a(l) = Corr(yes1, yir),

and at lag h, written a(h) is
Oé(h) = COT?"(yt+h - Pyt+k7 Yt — Pyt)7

where P,,,, is the linear combination of {yiir, Ystr—2, ..., Y41} that minimizes the

mean square error, Ely;,, — P,,.,]?. Like with the autocorrelation plot, we may also

Yt+k

use the partial autocorrelation plot to determine lag order. An example is given in

figure 2.5.
Series lynx
o —
o
~ —
o
O Lo e e et
3 |
s . | |
E = T ‘ \ | ‘ T ‘ | |
L I
S
= —
<
w
=g
! T T T T
5 10 15 20
Lag

Figure 2.5: Partial autocorrelation plot of the lynx data set
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2.1.8 Time series models

A stochastic process {y;,t € Z} is an autoregressive (AR(p)) process if {y:}

is stationary and if V¢
Yo — By — = BplYr—p = €&

where e; is white noise with mean 0 and variance 2.

A moving average (MA(q)) model can be written
Y =e+ e+ 4 Ogerq.

In both MA(g) and AR(p) models, we call the size of the model the lag order,

so if p = 2 then the AR(2) model is an autoregressive model of order 2:

Yo — B1yi-1 — Bayr—2 = €.

Determining the lag order for common time series models like moving average
(MA), autoregressive (AR), autoregressive moving average (ARMA), and autoregres-
sive moving average with differencing (ARIMA) is generally estimated with penalized
methods like the Akaike information criterion (AIC), corrected Akaike information
criterion (AICc) which are both defined in Section 2.2.1, and Bayesian information
criterion (BIC) defined in Section 2.2.2.

Some modified versions of cross-validation have been proposed for time series
data, but none have been proven to be consistent. Time series data is distinct from
most data we consider since observations are not independent, and therefore the
independence condition necessary for cross validation results to hold are violated.

However, AR models are a linear model which have convenient properties which can

16



be used to justify the use of cross-validation for determining lag order, which we
address in 4.1. Currently, there is no definitive way to find the best p. The most

common methods for order selection are discussed in the following section 2.2.

2.2 Determinimg lag order for time series models

2.2.1 Akaike information criterion (AIC)

Most commonly, Akaike information criterion (AIC) and Bayesian information
criterion (BIC) are used to determine the size of the lag. Shibata [26]| proposed using
AIC for lag order selection in 1976. He assumes that {y,} is a Gaussian time series

with mean zero such that

Ym = L1Ym—1 + BoYym—2 + -+ + BrlYm—p + €m

where (3; € R such that

’yp| = <1

p
Z By~
i1

and {e,} is a sequence of N(0,0?) iid random variables. Let yi,...,y, be a set of

n observations, p the order of the model, and K initial conditions. Then the MLE
estimates Bl(p) of B;, 1 =1,...,p are defined by

R(1,1) ... R,p)| |ai(p) R(0,1)

A ~

R(p.1) ... R(p,p)| |an(p) R(0, p)
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where

VIR B
R(Z,j)zﬁ Z Ym—iYm—j-
m=K+1

The MSE

n

a2(p) = L > [ym = Bi@)m-1 =+ = Bo(D) Yyl

n m=K+1
is also the approximate MLE of ¢2. Then Bl(p) =0forallp <i< K so B’(p) =

[ﬁl(p), s Bp(p), 0,...,0] is a K-dimensional vector and p = 0,1, ..., K.

Let AIC be defined as a function of m where m =0,1,..., K
AIC(m) = nIn(62(m)) + 2m
so the selected lag order p is
p= argn}riln AIC(m).

It has been shown that AIC is asymptotically inconsistent [20]. Meaning, AIC
will sometimes pick the incorrect model, even with large datasets.
The corrected Akaike information criterion (AICc) [9] has an additional cor-

rection term which penalizes larger models. So the AICc is defined as
AICc(m) = nin(62(m)) + 2m(m +1)/(n —m — 1)

so the selected lag is

p = argmin AICc(m).

2.2.2 Bayesian information criterion (BIC)

The Bayesian information criterion is calculated similarly to the AIC, but it

has a higher penalty on larger models. Then BIC is defined as a function of m where

18



BIC(m) = (n — K)In(62(m)) + In(n — K)m
so the selected lag order p is
p = argmin BIC'(m).

Hannan (1980) [15] showed that BIC is consistent.

2.2.3 False nearest neighbors (FNN)

Kennel, Brown, Abarbanel [17] proposed an algorithm called false nearest
neighbors to determine lag order. The false nearest neighbors algorithm examines the
behavior of data points which are neighbors as the embedding dimension increases. If
the embedding dimension is too low, many of the data points will be false neighbors,
but as the embedding dimension increases, the nearest neighbors are real. Essentially,

the algorithm considers the behavior of nearest neighbors as a function of dimension.

2.2.4 Analytic approximate cross-validation (APCV)

Shao [25] proposes an error measure for linear models (recall that the AR
model is a linear model) called analytic approximate cross-validation (APCV) which

is given by

A 112 (n—K)+n,. A N\2
Hy_XOUBOf” + nc((n—K) _ 1) ;wia(yi_mialga) .

pAPCY _
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It can be shown that this method is consistent for fixed and consistent almost
surely for random y. However, in simulations, for small data sets APCV tends to

select large models. This will be further discussed in section 3.1.1.

2.2.5 hv-block cross-validation (HVCV)

There have been two variations on cross-validation proposed for time series
data which preserve the temporal order of the data and remove dependent data.
The first was proposed by Burman, Nolan and Chow in “A cross-validatory method
for dependent data” called h-block cross-validation, which is a variant of LOO CV.
Later, Racine proposed hwv-block cross-validation, which is h-block cross-validation

with test sets that are larger than one observation. It is given by

1 n—uv A
H/(CV = —— i _Xi‘v —ihw 2
(n — 2v)n, z:: 1Y (ise) = X (i) B-isn

Where n, = 2v + 1. These techniques will be discussed in sections 3.1.2 and 3.1.3,

respectively.

2.2.6 AR model evaluation methods

There is some overlap in techniques for evaluating time series models as well
as determining the lag order for a time series model. Testing a time series model is
not as straightforward as it is for linear models with iid data. In this case, we have
to decide if preserving the temporal order of the data is important and if we want to
remove dependent data between training and testing sets.

Commonly, for time series data, we use out of sample methods (OOS), where

20



the priority is preserving the temporal order of the data. OOS methods also never
use future data to predict the past. The simplest OOS method is holdout, where we
simply reserve the end of the data for testing and use the rest for training. Variants
on this include iterating the holdout process and removing dependent data. Unlike
cross-validation techniques, OOS methods typically do not make full use of the data.

A more in-depth discussion of these methods will be in section 3.1.4.
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CHAPTER 3
LITERATURE REVIEW

3.1 Literature Review

3.1.1 Model selection by cross-validation

Shao presents three different error measures and proves that under certain con-
ditions all three are consistent and will choose the best linear model given enough
data. The three methods are the balanced incomplete cross-validation (BICV),
Monte-Carlo cross-validation (MCCV), and the analytic approximate cross-validation

(APCV). The conditions that must be satisfied are

1. liminf A, , > 0 for .#, in Category I

n—oo

2. X'X = O(n) and (X'X)"' =0 ()

3. lim maxw;, = 0Va € &/

n—oo i<n

4. lim max L3 xx; — = 3 x;x}|| = 0 (not applicable for APCV)
n—00 SEZ v ¢

€S 1€8¢

5. ™ — land n,=n—n, — o
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where o7 is all nonempty subsets of {1,2,...,p}, 2 is the collection of sets described
in 2.1.4, X = (x1,X2,...,X,) 18 a n X d, design matrix, .#, is a model of size d,
where X, is a submatrix of X using only columns indexed by «, w;, is the ith

diagonal element of the projection matrix P, = X, (X’ X,) ' X/, n is the size of

a
the full data set, n, is the size of the validation set, n. is the size of the training set,
and A, , = %B’X’(In — P,)X 3. Shao splits possible models into two categories:
category I models which are too small and missing a non-zero component of 3, and
category II models which may be too large, but the best model is a category IT model.

The first condition guarantees that the method will not choose a model which
is too small. The second and third conditions set bounds on how fast the elements in
the projection matrix can grow and that the elements of the diagonal of the projection
matrix behave similarly. The fourth condition is specific to the BIBD, and it can
be dropped when considering consistency of APCV. Condition 5 sets the size of the
validation set to be large. Shao also only considers non-random x but states, without
proof, that in the case of random x, the results still hold almost surely.

The BICV method, which we discussed in section 2.1.6, selects a model by

minimizing

BICV Z Hys ya s(

v sEAR
If it is too computationally expensive to use the BICV method, MCCV ran-

domly selects a subset Z C £ and selects a model by minimizing

FMCCV Z ”ys ya -
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where 7, = Xavsc,éavsc is the prediction of ys. Both methods work well
when the data are independent and generalize to non linear models. The third
method, APCV, selects a model by minimizing

o 1 o n-+mn o
FAPCV = - — XoBa 2 i ia\Yi — : a 2
L iy e D WU NN

and depends on the “special nature of linear models” [25]. In Shao’s simulations

APCV does not perform as well as MCCV and BICV, indicating that it requires

more data to perform well. On small data sets APCV performs similarly to LOO.

3.1.2 h-block cross-validation

In “A Cross-Validatory Method for Dependent Data,” Burman, Nolan, and
Chow propose a modification for leave-one-out cross validation for dependent data
called h-block cross validation [$]. For a data set with n samples, there would be
n test points, but unlike regular leave-one-out cross validation there are two blocks
of size h removed around the validation point for each trial so the training set size
is n. = n — 2h — 1. By removing the 2h data points, the test point is essentially
independent from the training data. Figure 3.1 illustrates the procedure for iteration

7. The h—block CV function is

n n

1 R 1 5
HCV = o Z(yz — yi(—i:h))2 = n Z(yz - sz{ﬁ(—irh»2

i=1 i=1
where B(,i:h) = (Xéﬂ.:h)X(,i:h))*1X(’7i:h)y(,i:h) such that X _;.,) is the design matrix

with the ith observation removed and A observations removed around the ith obser-
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vation; y_;p) is y with the ith observation removed and h observations removed
around the 7th observation; and ¢;_;.) is the prediction for y;.

The authors mention that it is ideal to have % — 0. However, this is only
reasonable for large n. So in the case of small sample sizes they set h as a fixed
ratio % € (0, %) Then to correct for the under use of the sample, the authors
propose a correction term and note that without it, the performance is equivalent
to regular leave-one-out cross validation. The paper focuses on finding the optimal
h and correction factor. They also note that conditions for asymptotic optimality is

unsolved.

n observations

training h removed h removed training

I

x; validation point

Figure 3.1: Ilustration of A-block cross validation

3.1.3  hw-block cross-validation

Racine [22]| proposes hv-block cross validation, a modification of the h-block
cross validation proposed in Burman’s paper [22]. Recall that Burman et.al. require
a correction term since % is not negligible, but Racine is only concerned with the

case where % — 0, so he ignores the correction term. Using Racine’s notation, let
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Z = (y, X) be the matrix of n observations on the response and p predictors

/

(AN

7 Y1 Xy
/

Yn Xy

so we denote the removed data as Z_;.;) = (y(_i:h), X(—iny) and the remaining test

set as Z.n) = (Y@nys X(iny)- Then the hv—block CV function is defined as

HVCVZZ;j%&;;;”%mf‘x@m@4ﬁww

Note that HCV is HVCV where n, = 1, and thus LOO and h-block CV are
special cases of hv-block CV. Racine states that HV —Block CV satisfies the BIBD,
and a proof similar to Shao’s should follow proving that HVCV is consistent, but
leaving the proof as an open question. Ignoring removing dependent data, achieving
a BIBD and keeping the order of time series data is generally impossible except
in trivial cases (block size 1, n, or n — 1). Condition (ii) fails - every i,j pair
appear in the same number of blocks - since data points appear more often with
close neighbors than further data points. For example, let our data set have 6
observations, {1,2,3,4,5,6} and we want our block size to be 2. Then, the only

acceptable sets are

{1,2},{2,3},{3,4},{4,5},{5,6},{6,1}
but 1 never appears with 4. Similarly, if our block size is 3,
{1,2,3},{2,3,4},{3,4,5},{4,5,6},{5,6,1},{6, 1,2}

but 1 never appears with 4. We have a similar problem for block size 4.
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n observations

training  p removed validation h removed training

Figure 3.2: Illustration of hv-block cross validation

3.1.4 Evaluating time series forecasting models

Cerqueira et al. [12] build on the Bergmeir & Benitez paper [5] claiming the
synthetic data results do not reflect real world data, and they do not test enough out
of sample (OOS) methods of validation. The authors repeat the experiment with
real-world data and more OOS methods. The 11 performance estimation methods

are split into four cross-validation methods and seven OOS methods:
o k-fold cross-validation - described in 2.1.5
e blocked k-fold cross-validation - A-block cross validation described in 3.1.2

e modified k-fold cross-validation - k-fold cross-validation with dependent sam-

ples removed
e hwv-blocked cross-validation - described in 3.1.3
e holdout - reserve the end of the sample for testing, and use the rest for training

e repeated holdout - iterative holdout where a sample is selected from the set
which marks the end of the training data, then data past that point is for

testing; then repeat.
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e prequential blocks - split data into n blocks, use first block for training, second
for testing, then use the first block and second block for training and third for

testing, ..., use first through n — 1th block for training and nth block for testing

e prequential sliding blocks - split data into n blocks, use first block for training,
second for testing, then second block for training and third for testing, ...,

n — 1th block for training and nth block for testing

e prequential blocks with a gap - prequential blocks but leave out a block of data

between training and testing
e prequential grow - use only one observation for testing in prequential blocks

e prequential sliding window - use only one observation for testing in prequential

sliding blocks

They only consider an AR model using a rule based regression algorithm called
Cubist, as well as LASSO and random forest. The authors use false nearest neighbors
to estimate the length of the lag p. This is taken from Kennel and Brown [17]. The
error estimators they use are predictive accuracy error (PAE), absolute predictive
accuracy error (APAE). With L™ be the true error, and g/ be the estimated loss for
model m so

PAE = g — L™

and

APAE = |gi" — L™|.
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A decision tree is provided to show which validation technique gives better
error estimation under given conditions. They come to the conclusion that for sy-
thetic stationary data CV preforms competitively, but in the case of non-stationary
real world data, validation techniques which preserve temporal order preform better
with repeated holdout performing well across all data sets. Methods and data sets

are here: https://github.com/vcerqueira/performance_estimation .

3.1.5 hw-block is not BIBD

As we noted in section 3.1.3, hv—Dblock cross-validation does not satisfy the
balanced incomplete block design (BIBD) defined in Shao’s paper “Linear model
selection by cross-validation.” In “hwv-Block Cross Validation is not a BIBD: a Note on
the Paper by Jeff Racine (2000),” Zheng gives multiple points and reasons as to why
hv-block is not BIBD, as well as compiles a list of 64 papers that reference Racine’s
paper without noting the mistake [28]. Therefore, theoretical proof of Racine’s claim
that hwv-block CV is consistent is still an open question and does not follow from
Shao’s proofs.

Additionally, Zheng has created a Python package for time series cross vali-
dation. It has four variations on cross-validation for time series data: gap leave p
out, gap k-fold, gap walk forward, and gap train test split. All four versions keep
the data in temporal order, and the user sets the size of the data to be removed
(gap) before and after the validation set. In gap leave p out, the validation sets
are contiguous; this differs from gap k-fold since in gap k-fold the validation sets are

disjoint. Gap walk forward is the same as a rolling window method, but it introduces
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a gap between the training and validation sets. Gap train test split is not actually a

cross-validation method and simply splits the data into test, gap, and training sets.
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CHAPTER 4
APCV FOR AR MODELS

4.1 APCV for AR time series models

We have already seen that an AR process cannot satisfy the BIBD condition
necessary for Shao’s proposed BICV and MCCV. However, APCV does not depend
on the BIBD, only on least squares estimation for linear models. In the case of time
series, our y; are random and Shao assures that all of his statements hold if the
conditions in 3.1.1 hold almost surely for random z;. Thus, we need to show that
the AR(p) process satisfies the conditions necessary for APCV to be a consistent
estimator for the autoregressive time series model.

First we will define our notation and outline assumptions. We consider n
observations, {yi1,¥s, ..., Y}, from an AR(p) process with iid errors e; ~ WN (0, o?),

E(e}) < oo and E(y;) = 0Vt € Z, which make up the design matrix
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Y 0 YK—p+1
X = Yrk+1 0 YK—pt2
_yn_l .« yn_p ]

and projection matrix

P=X(X'X)'X'
The AR(p) model is given by

Y = B1vi—1 + Bovi—a + - + Bpyi—p + €.

Using notation from [2], the above can be written in matrix form as

Y =€ — By

where
B B2 B Bp-1
- - - -1 0 0 0
Yt €t
0O -1 0 0
. Yt—1 - 0 ~
Yr = , € = B=10 0 -1 0
Yt—p+1 0
- - -7 0 0 0 -1
0 0 0 0
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E(eie)) = 3 = 021, and that E(y;y]) = T where T is a positive definite matrix such

that it is the solution to the equation
r-8Ta=2Xx. (4.1)

Finally, we also assume that the process is causal, defined as in 2.1.7.
From the assumption that E(y;) = 0Vt, e; are iid white noise with mean 0

and variance o2, E(e}) < oo, and y; is causal then it can be shown that
E(y}) < oo. (4.2)

Proof of (4.2) can be found in the appendix 1.0.1. This is a necessary condition in
following proofs.

We will prove three lemmas, and state two final conditions aligned with [25]:

1. Lemma 1 liminf A, , > 0 for .#, in Category I w.p.1

n—oo
2. Lemma 2 X'X =O(n) and (X'X)™" =0 () w.p.1
3. Lemma 3 lim max w;, = 0Va € & w.p.1
n—oo i<n—K
4. % —land n.= (n— K) —n, = o0
5. Let h be the amount of removed data on either side of the testing set, then

b0
n

Theorem 1 Provided the above assumptions and conditions 4 and 5 are satisfied,

the following statements from [25] hold for causal AR(p) processes.
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1. If #, is in Category I, then there exists R, > 0 such that

NAPCV __
Fa n -

— Ke’e + Apn+0,(1) + R,

2. If A, is in Category II, then

. 1 1 1
APCV __ / 2
Lo = e + —ncdaa + op (—C>

3. Consequently,

lim P(the selected model is optimal) = 1

n—0o0

In words, Theorem 1 guarantees that APCYV is a consistent method for choosing lag
order in causal AR models. We will show that Lemmas 1, 2 and 3 hold almost surely

for AR models as defined above. Conditions 4 and 5 align with Shao’s assumptions.

4.1.1 Proof of Lemma 1

First, we will show that Lemma 1 holds:

liminf A, ,, > 0 for .Z, in Category I (4.3)
n—oo
where
1
Agpn = KB’X’(I(H_K) —~P)XBand P, = X, (X X,) ' X, (4.4)
n—

Category I models are misspecified in that they are too small, i.e. 3, is missing some

non-zero components of the true 8. Shao gives the intuition as to why this is true
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by explaining that since X, is a submatrix of X we can see that (4.6) will be true.

However, we will show this rigorously.

Proof:
Given (4.4),

1
Apn=—=—06X"(I,_x —
=B X Lk

1

n—K

So we need to show that

1
n—K

n—K

P.)Xp

B'X'(I_x — Xo( X, X,) ' X)X 3

(ﬁ/X/Xﬁ - B,X/Xa(XZxXa)_lXZxX/H)'

(BX'XB-PBXX.(X,X.) ' X, XB) > 0.

(4.5)

(4.6)

Under the assumption that .#, is in Category I, we may define X a (n—K)xp

matrix; Xg a (n — K) x (p —m) matrix; and X, a (n — K) x m where 0 < m < p

such that
Yk 0 YK—p+1
YK+1 YK —p+2
X — + P+
_yn—l Yn—p i

so that we may write

Yk

Yrk+1
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YK —m+1

YK —m+2

Yn—p+m |

YK—-m

YK—m+1

yK—p—i-l

yK—p—',-Q




Then

_X/
X'xXx=1| {XQ X&}
XL
X X, X!/ X
X.X, X.Xs
and
X! 1
X'X (X' X (X, X)X, X)X X = | | X (X.X,)' X | X, X,
X' ]
X' X, X' X,
X' X, X.X.(X'X.) X' X;
Faa Fad
Since I' = is positive definite, where I' is defined in (4.1),
Faa Fdd
T 2TuaBa
B'T'T'B > 0 for any nonzero 3 [1]|. Letting 8 = yields
Ba
BiTsaBs — Balsal saTaaB1 > 0. (4.7)

With the above decomposition, we need to show that
1
—BL(X5Xa — XEXo(X X)X, X5)Ba > 0 (4.8)
n
for any nonzero B3, which implies (4.3). Since
0 0
B(X'X - X'Xo(X, X)X, X)B = {B; ﬂﬁa]
0 X:X5— XX (X! X,) ' X! X5

= Ba(X5 X5 — X[ X0 (X Xo) ' X[ Xa)Ba
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Ba
for B = , it follows that
B
1

Ban = —Bo(XXa = X4 Xo(X, X)X, X0)Ba (19
n —

Using Lemma 2 from [1],

1
lim = X'X =Ta.s.

n—oo 1N

SO

1 %X&Xa %X&Xd
lim = X'X = lim

n—oo 1, n—oo | 1 / 1 /
LXIX, Lx1x,
Foza Fa&
= a.s.
F&a Fdd

Taking the limit of (4.9) results in

lim BLXE X5 — XX (X[, Xo) ' X!, X4)Ba (4.10)
n—oon — K

BERT e o T a'd / ~1v/ v._ .

- T}l—)r{olo n — KﬁdXanﬂOé TLllA)HOlO n — KIBQXQXOZ(XQXOZ) XQXOZﬂOé

= B:T558s — BilaalaaloaBs > 0 (4.11)

which must be positive when 35 is nonzero by (4.7). Therefore, (4.8) holds.

O

4.1.2 Proof of Lemma 2

Next, we will show that Lemma 2 is true for AR models,

X Xk = O(n) almost surely (4.12)
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holds where

Yg n
Yk+1 Y2
Xy = *
| Yn—1 t Yn—K ]

for the AR(K') model where K > p for when p is the correct model size, such that

Y = Biye—1 + Boyr—o + ... + Bpyr—x + €.

Proof:
When all of the roots of ¢(e) lie inside the unit circle (causal), it is shown in

Theorem 3 of [18] that

Amax (X X ) = O(n) almost surely (4.13)
and
1
lim inf — A (X X k) > 0 almost surely (4.14)
n—oo M

where Apax(A) and Apin(A) are the largest and smallest eigenvalues of a matrix A,
respectively.

Recall “big O” notation from 2.1.3, defined as follows. Suppose a, and b, are
real-valued sequences, and there exists a C' € [0,00) such that |a,| < C|b,| for all
n € N then a,, = O(b,).

For fixed integers k and ¢, a natural extension of this definition for real-valued

sequences of k x ¢ matrices A, and real-valued sequence b, is that A, = O(b,) if
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and only if there exists a C' € [0, 00) such that [[A,]; ;| < C|b,| for all n € N where
[A,];; is the element in the ith row and jth column of A,,.

Now, we show that the first part of (4.12) holds: X Xk = O(n). By the
Courant-Fischer Theorem, the smallest eigenvalue of a matrix A is the minimum
value of w' Aw for all w such that ||u|| = 1 and the largest eigenvalue is the maximum
value of w’Aw. If 1; is the unit vector such that its jth component is 1, then

1 X3 X1 is the jth diagonal element of X} X, say [ X} Xk]; ;. So, (4.13) implies

JJ-

that there exists a constant C; € [0, 00) such that
[ Xk Xrlj5l = 115X Xk 1| < Anax( X X ) < Cjn almost surely
for all n € N. Furthermore, by the Cauchy-Schwartz inequality, we have
[ Xk Xklij| = 11X X1
<SVXE X1y )1 X X1
<V Ciny/Cjn = C; jn almost surely (4.15)

where C;; = /C;C;. Since (4.15) holds for all ¢ and j (including the case when
they are equal), this shows that X X = O(n) almost surely where the C' in the
definition is C' = max; Cj.

Now, we show that the second part of (4.12) holds: (X Xk)™' = O(n™1).
First, note that X} X is invertible since by (4.14) and by the properties of the

limit inferior of a sequence (s,) that Ve > 03N € N such that

liminfs, —e <s,, Vn > N

n—oo
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So choose € < liminf,,_, %)\mm(X}(XK), then

n—oo

1 1
liminf —Apin (X Xk) — € < —Anin( X Xk) a.s. Vo > N
n n
which implies that for all n > N

1
n <1im inf —Apin (X X ) — 5) < Amin( X X ) a.s.
n

n—00
Thus, the smallest eigenvalue of X - Xk is positive, so all of the eigenvalues of X X
is positive which means that X} X is full rank. With the fact that rank(Xg) =
rank(X X ) it follows that X} X is full rank and therefore invertible.

Now, we can use the singular value decomposition X = UxDgV}- as de-
scribed in |16]. Let n, = n— K so that X is an n, x K matrix. In the “thin” version
of the SVD shown in Figure 4.1 from [16], Uk is an n, x r matrix with orthogonal
columns, Vi is a K X r matrix with orthogonal columns, and Dy is a square matrix

of order r where r is the rank of X.

Dy 7

rXr rx K

n, X K Ny X 7T

Figure 4.1: Tllustration of the thin SVD described in [16]

We have X X = Vg D%V} so the diagonal elements of Dy are the square

roots of the eigenvalues of X} X . If X is full rank when n is large, then r = K
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so that Vi is a K x K orthogonal matrix and (X} X))t = (V)" Y(D%)" 'V}, =
Vi (D3%)~'V}.. In this case, this shows that the eigenvalues of (X} Xx)™! are the
reciprocals of the eigenvalues of X} X .

The SVD of X can also be written as

r
§ : /
XK - dn,kun,kvmk

k=1

where u,, ; is the kth column of Uk, v, is the kth column of Vi, and d, is the

kth diagonal element of Dy. Then, when X} X is full rank, we can write

K
X X = Vi(D})Vie =Y d2 jvni0), ),

k=1
Ko
and (X Xx) ™' = Vi(Dy)'Vie =) dz—vn,kv;k.
k=1 ™k

Note that @2 is the kth eigenvalue of X} Xk and —— is the kth eigenvalue
) n,k

of (X% Xx)™!. Then we see that
(XX k)il = 15X X k)11

K

1 / /
Z dQ_livmkvn,klj
k=1 ™k

1
P —
o )\min(X}(XK)

[M] =

/ /
1iv’ﬂ,kvn,k ]‘j

k=1
1 K
< 1-1
- )\mm(X}{XK) ;
K

< 4.1

By (4.14), the smallest subsequential limit of n™ !\, (X} X ) is positive.
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A number L is a subsequential limit of a sequence {/,} if, for every ¢ > 0,
there exists some N and subsequence {n;} of integers greater than N such that
L—e <V, < L+eforalln;. Fixe > 0and let L, denote the smallest subsequential
limit. Then we can show that there is some N such that ¢,, > L, —¢ foralln > N.
(Let {m;} be the set of all indices such that ¢,,, < Ly —&. The set {m;} is
finite; if it were not, then L., is not the smallest subsequential limit. So, then take
N = maxm;.)

So, there is some N such that n ™!\ (X 4 Xg) > C as. for n > N where

1
C = lim inf —A\pin (X X k) is positive. From (4.16), it then follows that
n

n—oo

K
(X X)) iyl < Cn almost surely

when n > N. Hence, (X Xg)™' = O(n™!) almost surely.

4.1.3 Proof of Lemma 3

Lemma 3 follows closely from Theorem 4 in [18]. In our case, we prove for the
largest ., in Category II, which then implies the statement is true for any a € <.

We will provide a sketch of the proof. Lai & Wei’s theorem in [18] is as follows:

Theorem 2 Suppose that in the AR(p) model

Yn = Blynfl + -+ 6pynfp + ey,

{en} is a martingale difference sequence with respect to an increasing sequence of

o—fields {F#,} such that liminf E(e2|.%,_1) > 0a.s. holds. Assume that the roots e;
n—oo
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of the characteristic polynomial p(e) = e — B1eP~t — .- — (3, lie on or inside the unit

circle, i.e. |ej| <1 for j=1,...p. Then

n -1
lim max y;’ ( @@') y; =0a.s. (4.17)

n—00 p<j<n °
1=p

Before the proof of the theorem, Lai and Wei [18] outline five lemmas with

proofs. The lemmas are as follows.

Lemma 4 Let {a,} be a sequence of nonnegative numbers such that

n

Z a; = o(n’)¥é >0 (4.18)

i=1
and there exist C' > 0 and v > 0 such that

pi1 < ap +Cn~7 for all large N (4.19)

Then lim a, = 0.

n—oo

Lemma 5 Let g1, ..., 9y, h1, ..., hs be real numbers and let p = r+s. Define the s X p,
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r X p, and p X p matricies My, My, M by

1 ¢ - g 0 - 0
0 1 e g 0
Ml = . g )
0
0 1 n gr
1 hs 0 0
0 1 m hs 0
M2 - )
0
0 L M hs
M,
M = (4.20)
M,
Define the polynomials
P(z)=2"4+g2" g, Po(2) =2° + b2t - by (4.21)

(i) If Py, Py are relatively prime (over the real field), then M is non-singluar.
(i) Let ¢ = Pi(2)Py(2) = 2P — B12P~1 — - - — B,. For a given sequence of real
numbers {m} and initial values yo, ..., y_,, define y, = B1yn—1+- - BpYn—p+en, n > 1.

Moreover, define

Up =Yn + P1Yn—1+ G Yn—r; Un = Yn + hlynfl 4 hsynfs- (422)

Then forn > 1,

Up, + hlun—l + o hsun—s =My =VUp + J1Vn—1+ *** GrUp—r. (423)
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Lemma 6 Let A be a p X p symmetric positive definite matriz.
(i) If A=t = I, + V + W where V, W are symmetric p X p matrices such

that V' is nonnegative definite and |W|| < 1, then

|A[] < 1/(1 = [[W]). (4.24)
(i1) If A is partitioned as
P H
H Q

where P, Q are respectively v X r and s X s matrices such that p = r + s, then for

u€eR",

!/

A~ < WP lu(l+ || A7Ytr(Q)). (4.25)

Lemma 7 LetC, =) " 9.9 = X} 1 X,1. Let N = inf{n > p: C, in nonsingular}.
Then

(i) N < coa.s. and ||Cy?|| = O(n~Y?) a.s.,

(i) Yo C;'yn < 1 forn > N and

¥ C; 'y, = O(logn) a.s., (4.26)

=N

(iii) ||C > S0 Gieina || = O((logn)'/?) as.
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Lemma 8 Assume that B is nonsingular, where

B B B
I, 0

B:

Define C,, and N as in Lemma 7. Then
(i) |CY*B'C;LBCY?| <1+ 0(n2(logn)"/?)a.s.
(ii) Let p > 1/c, where a > 2. Then
limsup n"2 ™ (Y1 Cot 1 Ynir — Yn Co'yn) < O as. (4.27)

n—o0

Finally, we will include our own lemma which helps clarify the first part of

the proof for Theorem 4.
Lemma 9 Suppose the following conditions hold
(Z) CLnj 2 0
(1t) lim a,; =0 for all fived j
n—oo
(111) aj; > an; for all fized j
(iv) lim a,, =0
n—oo
Then lim max a,; = 0.
n—oo 1<j<n

Proof:

By (ii), we have

Ve > 034N, ; such that a,; <eVn >N, ;, j=1,...,n
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and by (iii), we have
Ve > 0dM, such that a,, < eVn > M..
We want to show that
Ve > 03JR. such that 11;1%); anj < eVn > R, (4.28)

ie. an; <eVn > R, and for all j. Fix € > 0, and let n > M,, then by (iii) and (iv)

we have
anj < a;; < eVj > M,.. (4.29)
So let R. = max{N.1,..., Nc pr.—1, M.}, then
an; <e¥n> R, for j=1,..., M, — 1. (4.30)

Combining (4.29) and (4.30) we have (4.28).

Proof sketch of Theorem 2 (Lemma 3)
The proof of Theorem 2 can be broken down into four parts. The first part reduces

4.17 to
lim y;/C;,'y; = 0 a.s. (4.31)
J—00

where C), = Z?:p ¥,9; as in Lemma 7. Letting a,; = y; C;, 'y; in Lemma 9, we can
see that we need to check the four conditions. Condition (i) is satisfied since C; is
nonnegative definite, so g;'C,, 1y; is nonnegative definite. Then (iii) is satisfied since

C; ! — C:'is non-negative definite by Corollary 1 in the appendix it follows that

n

Q}'C’j_lgjj >y, C y; forn>j>N.
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Next, Lemma 9 (ii) requires a little work to see. By Lemma 7 (i),

||C7;1/2|| = O(n_1/2) a.s.

x'x

where ||Cy,"/?|| = sup /%22 This implies that 3M > 0 such that
x#£0

P< nw'Cy gM) — 1V £0
x'x
— P(\/nw’Cna: < M\/:c’ac> =1Vx

— P (nw'Cnaz < Mza:'a:) =1.
We want to show that P (nh_{Iolo y; Cly; = O) = 1 for all fixed j, equivalently, Ve > 0,
P(y;/C,'y; > eio.) =0. (4.32)

Fix € > 0. Then, by Markov’s Inequality, for any random vector «

Bl(z'z)’)

P(z'xz > c) = P((x'z)* > ?) < 5

c
With (4.2), E[|y;.|*] < oo, where y;; is the ith component of y; so

v Elly;alY]

Bl(§5:) = By}, + -+ 42,7 < ==
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Now,
Y P(gi'Cly; > e) < Z <7yj’yj > €)
=1 ;
~ )~
S - 2

ZZ ‘y]l ]
M4Zz 1E|y]z i

i=1

So by the First Borel-Cantelli Lemma we have (4.32).

Now all that remains to be shown is condition (iv), which is precisely (4.31).
The authors break down the proof of (4.31) into two cases based on whether or not
B is invertible. We will note that the only time B is singular is when (3, = 0.

The first case examines if B is invertible and (4.31) follows from Lemmas 4,
7, and 8. From Lemma 8(ii) we have ¢/, ,C;. ! Un1 < Y,C, 'y, +o(n~ /) a.s. for
p < 1/2. By Lemma 7, we also have (4.26). Letting a; = 9/C; 'y;, then by Lemma
4, we have lim ¥, C. 'y, = 0a.s. which is (4.31).

The second case, where B is not invertible, i.e. 0 is a root of the characteristic

polynomial ¢(e), so

%0(6) :er(es_ﬂles_l_"'_ﬁs)a 687&07 65-{-1 = :szo

where 7 is the multiplicity of the root 0. This case is then broken down into two sub

cases: when r < p and when r = p.

49



In the case where r < p, we let g; = - --

as in Lemma 5, so we have

1 0

Ml:OlO
0

0 - 1
1 6
01 B

0

0 1

20

Zgr:()andhl

0 0 0
0 0
0 0
_ﬁs 0
_ﬁs
M,
M p—
M,

—B1, ...

)hs - _65



So

1 0 0 0 0
0 1 0 0 0
0
MY, — 0 1 0 0
1 =f5 —Bs 0 0
0 1 -5 —Bs 0
0
0 1 =B —Bs
Yn
Yn—1
_ Yn—s+1
Yn = Bryn—1 — -+ = BslYn-s+1 = €n
En—1
En—r+1
U,
w

Yn

Yn—1

Yn—p+1

where U,, = (Yn+** Yn—s+1) and V,, = (g, - -+ Yn_rs1)’. Tt follows that

o1




Yn 61 52 e 65 En
Yn— 1 0 --- 0 0
U, = 1 +

Yn—s+1 o - 0 1 0
Bi Ba -oo Ps
10 0

Note that By = is nonsingular, so
0 0 1

U’ (Z UiUi’> U, — Oa.s. (4.33)
i=p

Now define A,, = MC, M’ so we have

A,=MC,M'

- M< yy) M
1=p

= Z Mygi' M

:ZMzz(Mzz)’
i=p

(%) (@ v
i=p \ Vi

(4.34)
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Then
gizcrjlgn - g;LM,M_ICEIM/_lMgn

= (My,)' A, (My,)
( ) An,l,l An,l,Z U,
=\U, Vi || . 3
An,2,1 An,2,2 ‘/n

= Uq/lAn,l,lUn + VTZAn,l,zUn + UTILAn,z,an + ‘/;L/An,2,2‘/n

U, 0 0
(Ué 0) A7l + (0 V,{) Al +2 (UT'L 0) Al
0 V, V.

= Quy + Qpp + 204 (4.35)

By Lemma 7(i), |[Cn?|| = O(n"V2)a.s. so |C || = O(n~!) a.s., and by Lemma 5,

we have that M is nonsingular so
A = [(MC. M) < [MICHIINM) 7 = O(n ) as.  (4.36)

where if @ is a p-dimensional vector and A is a p X p matrix ||z| = 'z and || A|| =
sup ||Ax||, i.e. the spectral norm.
llz[=1

By our assumptions, we have e; are iid random variables with mean 0 and
variance o2, a stronger condition than originally used in [18]. So V,, = (e, ..., €n_ri1)

and then

2 2 2 2
en+"'+6n—r+1+en—r+'”+€1
n

— a2a.s.

Then rewriting the above we can see that

n—r
= -
n n n—r

et Ao mte ot e+t 6 +m+€%<n_r)
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and

then deduce that

as n — oo. Therefore,

Tt G = Vil = o) (457

Note that o(a,)o(b,) = o(anb,) and o(a,)O(b,) = o(a,b,) [21] so (4.36) and (4.37)

result in
0 S Ayy = (O ‘/7"{) A_l

Vv,

<|lo v/ )[IA™"]
V.,

= A NIVal®
= O(n YHo(n'*?a.s.
=o(1)a.s.. (4.38)

Now, with A, defined as in (4.34), and U,, a 1 x s dimensional vector, Lemma 6(ii)

gives us

Un n n
s — (U,; 0) A <u, (Z UiU;) U, (1 A (Z VV)) -
i=p

1=p
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Then with (4.33), (4.36), (4.37)
Ay — 0a.s. (4.39)
Finally, by the Cauchy-Schwartz inequality, we have
Ay < /Ayyypy — 0a.s.. (4.40)
Therefore, putting (4.35), (4.38), (4.39), and (4.40) together we see that
U C 7 Y0 = Gyu + Gy + 204, — O a.s.

so (4.31) follows.
Now, consider the case where B is singular and » = p. Then we have p zero

roots of ¢(e), which means that y, = V,, = (ep, ..., €n—ps1), S0
Y, C, 'y = IC | VL]l = o(1)

follows from (4.38) and (4.31) holds for the largest ..
Suppose .4, is in Category I. If o C &, then w;, < wj4 for all 7.
Choosing & such that .#; is in Category II, we have
lim maxw;, < lim maxw;z = 0 w.p.1

n—00 j<n, n—00 j<n,

by Corollary 2 in the Appendix. Therefore (4.31) holds for any a € <.
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CHAPTER 5
SIMULATIONS

We will present some simple experiments, the first with simulated data, and

the second with a real-world dataset.

5.1 Simulated data

We used the arima.sim function in R to create four AR models with lags 2,
3, 4, and 5 with n = 100 and 1000. We used the auto.arima function to determine
lag order which uses AIC, AICc, and BIC. To limit the auto.arima function to AR
models, we set the integrated and moving average parameters to 0 and the maximum
autoregressive parameter to be 7. Then we compared it with our APCV and HVCV
functions with options p = 1,2, ..., 7.

Shao does not give any set rules for choosing the testing and training set size,

so we use 0 as an extra parameter such that
5
ne = [n’]

and let 0 = 0.75 as a default, which tends to do well in general.
The first table shows the results for true models size 2, 3, 4, and 5 with 100

observations, and we saw that all methods did not do well with a small sample size.
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In following simulations, we set n = 1000 and repeated the experiment 1000 times.
Tables entries represent the proportion of times each method chooses p = 1,2, 3,4, 5.
We saw that APCV was competitive with AIC, AICc, and BIC, whereas HVCV

tended to pick the largest models.

Selected Model Size (n = 100)

True Model AIC AICe BIC APCV HVCV
B =(0.4,-0.3) p 9 9 - -
B=(0.4,-0.3,0.3) p 9 0¥ 3 6
B =(0.4,-0.3,0.3,0.3)' 4 4 4 4 7
B=(0.4,-0.3,0.3,0.3,0.2) 5*** 3Fe* 3 . -

Table 5.1: Simulation: n = 100
*If K =6 then p =2
** Indicates white noise

*** Non-zero mean specified
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Selected Model Size (n = 1000, repeated 1000 times)

True Model p AIC AlCec BIC APCV  HVCV
1 0.000 0.000 0.000  0.000 0.000

2 0.738 0.740 0975  0.948 0.026

3 0189 0.190 0.025  0.045 0.037

b= o 4 0.051 0.049 0.000  0.006 0.051
- 5 0.015 0.015 0.000  0.001 0.084

6 0.006 0.005 0.000  0.000 0.164

7 0.001 0.001 0.000 @ 0.000 0.638

Table 5.2: Simulation

Selected Model Size (n = 1000, repeated 1000 times)

: true model size = 2, n = 1000

True Model p AIC AlICc BIC APCV ~ HVCV
1 0.000 0.000 0.000 0.000 0.000

2 0.000 0.000 0.000 0.000 0.000

0.4 3 0773 0.777 0.971 0.938 0.037
B=1-03 4 0.175 0.172 0.029 0.051 0.053
0.3 5 0.042 0.041 0.000 0.008 0.071

6 0.007 0.007 0.000 0.003 0.174

7 0.003 0.003 0.000 0.000 0.665

Table 5.3: Simulation: true model size = 3, n = 1000

28



Selected Model Size (n = 1000, repeated 1000 times)

True Model p AIC AlCc BIC APCV  HVCV

1 0.000 0.000 0.001 0.000 0.000
2 0.000 0.000 0.000 0.000 0.000

0.4
3 0.000 0.000 0.000 0.000 0.000
-0.3
b= 4 0779 0780 0.976  0.949 0.075
0.3
5 0.166 0.167 0.022 0.038 0.088
0.3

6 0.043 0.042 0.001 0.012 0.176
7 0.012 0.011 0.000 0.001 0.661

Table 5.4: Simulation: true model size = 4, n = 1000

Selected Model Size (n = 1000, repeated 1000 times)

True Model p AIC AICec BIC APCV HVCV

1 0.186 0.186 0.424  0.000 0.000
0.4 2 0.000 0.000 0.000 0.000 0.000
-0.3 3 0.000 0.000 0.000 0.000 0.000
B=1 03 4 0.000 0.000 0.000 0.000 0.000
0.3 5 0.614 0.616 0.570 0.958 0.136

0.2 6 0.148 0.147 0.006 0.033 0.180
7 0.052  0.051 0.000 0.009 0.684

Table 5.5: Simulation: true model size = 5, n = 1000
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5.2 Real-world data

Racine used a G7 exchange rates dataset in [22] for Canada (CAD), Germany
(DEM), France (FRF), Great Britain (GBP), Italy (ITL), and Japan (JPY). For
this experiment we also used a G7 exchange rates dataset for the same countries
taken from [13], for the years 1995, 1996, 1997, and 1998. For each country we had
approximately 250 daily observations for a total of approximately 1000 observations
for each country. Plots of the data are shown in Figure 5.1. We also visualized the
PACF plots shown in Figure 5.2, we will use these plots as a naive reference for
determining lag order. We can see that using this method, we would hope that the
order selection method should choose p = 1. In |22, the HVCV method aligned with
the PACF plots and selected a AR(1) for each country.

We used a augmented Dickey—Fuller test (ADF) test in R to check for sta-
tionarity, which is relatively common for determining whether or not a time series is
stationary. The ADF test uses a p-value in order to determine stationarity with the
null hypothesis that the data is not stationary. Thus, we want a p-value less than
0.01. We saw that each dataset was not stationary, and used differencing once on
each dataset in order to achieve stationarity. In Table 5.6, we have the results of the

ADF test before and after differencing once.
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CAD

FRF

JPy

0130

0120

0.0070

0.0055

DEM

ITL

1967

JPY

Z

1997

1998

1559

0.44 0.48

0.40

0.00044

0.00038

1.10 1.20

1.00

DEM

1996

1987 1998 1959

ITL

1996

1997 1998 19599

GBP

T = T
1995 1995

T T T
1957 1958 1959

Figure 5.1: Plots of the G7 exchange rates data sets

Country p-value before

p-value after

CAD
DEM
FRF
GBP
ITL
JPY

0.99
0.52
0.54
0.66
0.70
0.68

<0.01
<0.01
<0.01
<0.01
<0.01
<0.01
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Figure 5.2: Partial autocorrelation plots of the G7 exchange rates data sets

Table 5.6: ADF test p-values before and after differencing
Similar to 5.1, we used the auto.arima function in R, with a maximum p = 7,
d =0, and ¢ = 0, to determine the AR lag order selected by AIC, AICc, and BIC.
We will compare these results to HVCV and APCV function for time series. We
used the same parameters for APCV given in 5.1. We repeated the experiment 100
times, and each model selected the same lag order in every repetition. The selected

lag order by each method are shown in Table 5.7. In most cases, AIC, AICc, and
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BIC select a model of white noise. We can see that APCV is competitive with AIC,
AlCec, BIC, and HVCV, and reflects the inference we made from the PACF plots
and selects an AR(1) model for each country. We will also note that the results for
HVCV in [22] do not match our version of HVCV, and Racine’s version selected an

AR(1) model for each country.
Selected Model Size (n ~ 1000)

Country AIC AICec BIC APCV HVCV

CAD 0 0 0 1 7
DEM 0 0 0 1 3
FRF 1 1 0 1 4
GBP 0 0 0 1 7
ITL 1 1 1 1 7
JPY 0 0 0 1 7

Table 5.7: AR lag order for G7 data for selected countries
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CHAPTER 6
CONCLUSIONS

It is natural to use APCV for linear models, so the extension to AR(p) models
is logical. Using Shao’s work as a framework, we showed that causal AR(p) models
satisfy the conditions almost surely necessary for APCV to be a consistent estimator
for order selection. Thus, we offer an alternative to arbitrary penalized methods such
as AIC and BIC.

In simulations and with real-world data, we have also shown that APCV is
a competitive estimator with standard methods. For larger models, we saw that
APCV outperformed AIC, AICc, BIC, and HVCV. However, we saw that APCV
requires a large dataset to work well with simulated or real-world data.

We limited this research to autoregressive models, so future work should ex-
pand to non-linear time series models and non-causal AR models that doe not satisfy
Shao’s conditions that guarantee consistency. Additionally, we did not prove that
HVCYV is not consistent, simply that such a proof does not follow from Shao, so proof

that HVCV is or is not consistient remains an open problem.
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APPENDIX I

Proofs

We present the following proofs:

e 1.0.1 If F(y;) = 0Vt, e are iid white noise with mean 0 and variance o2,

E(e}) < 0o, and y; is causal then E[y}] < oc.

[.02 If Ais an n x K matrix with n > K and B is an m x K matrix with

m > K, then all eigenvalues of A(A’A + B’B)~!'A’ are in the interval [0, 1]

L0.3 Y, wiard, = doo? + 0,(1) from [25)]

L0.4 7%71”}’5 - S’a,sc‘|2 = nng(Inv - Qa,s)_l(YS - }(Oz,séa)”2 from [ ]

1.0.5 BICV is consistent from [27]

1.0.6 APCV is consistent from [25]
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1.0.1 Proof of (4.2)

Since {y;} is a causal process, we can write y, = > % (e, ; where Y 22 [1hy] <

0o. Then

o 4
i = (Z wjgtj)

- Z Z Z Zw11¢J2¢33w148t J1&€t—j2€t—jsCt—ja

J1=072=0 j3=0 ja=0

t t t t
= Z Z Z Z 1/Jt—M1¢t—M2¢t—M;;¢t—M4€M1€M2€M3€M4.

Mi=—00 Ma=—00 M3=—00 My=—00
So, we obtain

Ely)] = Z Z Z Z Vet Y2ty Ve st nay B0 EMpE M E M)

le—oo Mo=—00 M3z=—0c0 M4*—oo

= Z Uttty + 3 Z Z VAVt a0

M1=—00 My=—0c0
Ma#M,

. 2
= Z wf—M _30 < Z v M) ot
M=—c0
where y) = Ele}] and 02 = E[?] for all t.
Since ) |1;| converges, then by the limit comparison test ) 1p]2- and > w;l converges,
and it follows that F[y;] < oo.

[.0.2 Singular value decomposition and generalized singular value decomposition

Theorem 3 (Singular Value Decomposition) [1/]: If A is an n x K matriz with

n > K, then there exists orthogonal matrices U and V' such that A = UX V'
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where 34 s a diagonal n X K matriz with diagonal elements o1 > -+ > o > 0.

Moreover, the eigenvalues of A’A are o2, ..., 0%.

Theorem 4 (Generalized Singular Value Decomposition) [1/[]: If A is an n x K
matriz with n > K and B 1s an m X K matriz with m > K, then there exrists an
orthogonal n X n matrix U, an orthogonal m x m matriz V', and an invertible K x K
matriz Z such that A =UXAZ " and B = X Z ' where 34 is a diagonal n x K
matriz with diagonal elements o41,...,04x and Xp is a diagonal m X K matrix

with diagonal elements op1,...,0B K.

Lemma 10 If A is an n x K matriz with n > K and B is an m X K matrixz with

m > K, then all eigenvalues of A(A’A+ B'B)~'A’ are in the interval [0, 1].

Proof:

By Theorem 2, there exists an orthogonal n X n matrix U, an orthogonal
m X m matrix V', an invertible K x K matrix Z, and diagonal n x K matrix 3 4 with
diagonal elements 041,...,04 K, and a diagonal m x K matrix Xp with diagonal

elements op1,...,0p K such that

1

AAA+BB) A =US,Z ' (Z Y WUUSLZ '+ (Z7)E,VVERZ )~
(Zz VY=, U’
—USLZ ' (Z7)YEZaZ (2722 Zz ) (27 S, U
—US.Z ' ((Z7Y) (B Za+ 23 27 (272U
—USAZ 'Z (2 \Sa+32,35) " 2/(2) '8, U’ (I.1)

—U (zA (2,4 + X,55) " E’A) U,
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Note that X4 (2,34 + X25)" " ¥/, is an n x n square diagonal matrix since it is

a product of diagonal matrices, and its diagonal elements are
2

0%
ﬁ (1.2)
Ta; t 0B,

for j = 1,..., K and n — K zeros. Since (I.1) is the singular value decomposition

of A(A’A + B'B)"'A’, Theorem 1 implies that (I.2) are its eigenvalues, and all of

these eigenvalues are in the interval [0, 1].

1.0.3  Proof that Y, wiar?, = dao® + 0,(1)

Here we show that > wiar?, = dao? + 0,(1); that is, 3, winr?, = dao?.
Where w;, is the 1th diagonal element of the projection matrix P,, so we may define
diag(P,) = W, such that w, is the ith diagonal element of W,,. Also let r, be the
n-dimensional vector with ith component r; = y; — iBian where x;, 1s the ith row of
X, S0 7o =y~ Xofa = (I, — P.,)y. First, we will show that E[Y", winr2] — dao?
as n — 0o, then that var[}, wi,rZ] — 0 as n — oo, and the result will follow.

Now we compute

2
§ : WiaTjq
)

E = ElraWara| = Eltr(r,Wara))

= E[tr(Woryrl)] = tr(E[War,r.)) = tr(WoE[r,r.]).

Since E[r,r.] = var[ry) = var[(I, — P,)y] = (I, — P,)(c*L,)(I, — P,) =

o*(I, — P,), it follows that

E

> wmrfa] = tr(Woo(I,—P,)) = 0*tr(Wa—W,P,) = o*(tr(W,)—tr(W,P,)).
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The ith diagonal element of W, P, is wiqw;a = w3, so tr(WoP,) = >, wZ, and we
have

E

E 2 2 E E 2

Since >, wiq = tr(Wy) = tr(P,) = tr( X (X, X.) ' X)) = tr(X,X,) ' X, X,) =

tr(Iy,) = da, it follows that

E

Z wmrfa] = UZ(da - Z U)?a).

Next we show that >_7"  w? — 0. We have

drm, 3wl < N maxwia 3w = lim max wiods = do Jim mexuis
equals 0 by (3.4) in [25]. It follows that E[Y., wiard] = 02d,.

Now we will show that var[} ), wiard] — 0. We write it as weighted sum of
squared errors to use the fact that the errors are independent. Since r, = (I, —

P,y =1, — P,)(X.B + e,), it follows that

Z wiarz‘Qa = T;Wara = (Xaﬁ + ea)/(In — Pa)Wa(In - Poz)(onﬁ + ea)
= ﬁ’X;(In - P )W,(I, — P,)X,.B+ 26;(In - P)W,(I, — P,)X.B+
e (I, — P,)YW,(I, — P,)e,

= e (I,— P)W,(I,— P,e,

since (I, — P,) X, =X, — P, X, = 0.
Let Ao = (I, — P)Wa(I, — P.). Then

tr(A2,) = tr((I, — P.)W, (I, — P.)(I, — P,)W,(I,, — P.))
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= tr((I, — P,)Wy(I, — P)YW,(I, — P,)) = tr(W,(I, — P,YW,(I, — P,)?)
= tr(W,(I,, — P)YW,(I,, — P,)) = tr(W? - W?P, - W,P,W, + W,P,W,P,)
= tr(W?2) — tr(W2P,) — tr(W,P,W,) + tr(W,P,W,P,)

=tr(W2) —tr(W2P,) — tr(W2P,) + tr(W,P,)?).

2

-, and

Since W, is diagonal, W2 is also diagonal with diagonal elements w?_, ..., w
we already showed that Y, w? — 0.

The ith diagonal element of W2P, is w2 wiq = wi, so tr(W,P,) =Y, w}

[l

Then we have

i 3w < Y max i, Z e =0
Finally, consider (W, P,)%. Let A, 1, ..., \nn denote the eigenvalues of W, P,.
Then the eigenvalues of (W, P,)* are A2 |,..., A2 . Since tr(WoPy) = > 1 Ay —
0 and A, ; > 0, we see that max; \,,; — 0. Thus, for sufficiently large n, A, ; € [0, 1]
for all i so that A2 ; < An; for all 4. Thus tr(WoPa)?) = >0 A0, < 300 A =
tr(WoP,) — 0.

So, we have

tr(A2,) - 0-0—-0+0=0.

Letting a;; denote the element in the ith row and jth column of A, ,, we also have
tr(Ay ) = 2220 = [Aualli (where [|A, o||r is the Frobenius norm). Clearly,
0 <> a <|Anal%so >, a2 — 0.

a4}

Using the formula for the variance of a quadratic form in Theorem 1.6 of [23]
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with 6 = 0, we have

var(e, (I, — P,)W,(I, — P,)e,) = var(e, A, .€s)

= (s — 3(0%)%) > aZ +2(0%)’tr(A} ) = 0.

(2

So then
e, (I, — P)Wo(I, — P.)eq = > wiars, > doo”

since E[Y, wiari,] — doo? and var[y ", wiari] — 0 as n — oo.

1.0.4 Proof of 3.1 from Shao

From Shao’s paper, we have the average squared prediction error is

n;1||y5 - S’Oé7sc P = n;1‘|(1nv - Qa,S)_l(YS - Xa,S/éoc)HQ (1'3)

where the data set of size n is split into two parts, a subset s which is a validation
set of size n, and s which is a training set of size n. = n — n, used to fit the model

M,,. Furthermore, we define

S’oa7sc = Xa,sBa,sC = XO&7S(X/

«,8¢

on,sc)_lxoz,scysc
Qa,s = Xa,s(X:lXa)il“Xéz,s

Bo = (X, Xo) ' Xy (L4)
Using the Woodbury matrix identity,

(A+UCV)'=A"1'-AlUC'+VA'U) 'vVA
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if we set

A=1,
U= _Xa,s
C = (X;Xa)il
V=X,
then
(Lo, = Qo) ' =T, + Xoo (X X0 — X, Xos) ' X, (15)

With equations (I.4) and (I.5), this implies that the right hand side of (I.3) inside

the norm is

(Inv - Qa,S)il(ys - Xa,s;éa) (16)
= (L, + Xoc,S(X&on - X&,sXa,S)_IX&,sxys - Xa,S(X&Xa)_IXAY)

=Y¥Vs— Xa,s(XéXa)ilXéy + XO&,S<X(I)¢X04 - thx,sXOé,S)ilX(/LsyS

— Xos( X0 X0 — X[, Xas) ' X, Xo (X, Xo) ' Xy (L.7)
= Vs = Xas (X0 Xa) T X0y + Xos (X ge Xase) T X0 ¥

= XKoo (X0 e X)Xy + Xos (X0 X0) T X0y (1.8)
= ¥+ Xas (X[, oo Xase) X Vs — Xoo( X e Xaee) ' XLy

= Yo — Xos(X), o Xawe) [Xoy — X, ¥4

=¥ = Xos( X0 s Xase) T X eV se

=V¥s — Yase-
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Thus we have shown (I1.3). To see how we get from (1.7) to (1.8) observe

~Xoo( X\ Xo — X, Xos) ' X Xo (X0 X)Xy

= — X (X, o Koo)X X — X, o Koo)X, Xo) T XLy
= [~ Xoas (X} e X)X X o+ Koo (X e X)X o X (XL X0) ' Xy
= X o (X, o Koo)X Xo) (XL X0) XLy + Xo o (X, Xo) ' XLy

=~ Xos (X} o Xowe) XLy + XKoo (X, X0) ' XLy

Furthermore, we note that for My of size n, X n obtained from I,, using the rows
indexed by s and Mg of size n. X n obtained from I,, using the rows indexed by s°

we have

Xa,s = MsXa
Xa’sc — MSCXOZ
M. M,. = I, — M'M,
X' X, = X'1,X.
Xl

«,s¢

XOJ,SC == X;(M;CMSC)XOC
X/, X, = XL(MM,) X,
X!\ X0~ X! Xy = X0 X0 — XL(MM,) X,
= X/ (I, - M'M,) X,
= X' (M. M,)X,

o,s¢

X s

= X,y — X ¥s = X} Ve
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1.0.5 Proof of Theorem 1 from Shao

Suppose that the following conditions hold, where X is the largest design

matrix,

1. liminf A, , > 0 for ., in Category I

n—oo

2. X'X = O(n) and (X'X)"' =0 (1)

3. lim maxw;, = 0V € &

n—o0o 1<n

1 / 1
o Dics XiXj — e D icse XiX;

v

4. lim max =0

n—oo s€h

Suppose also that n, is selected so that
ny/n — 1and n, =n —n, — o (1.9)
Then we have the following conclusions:

(a) If A, is in Category I, then there exists R,, > 0 such that

ff’{lCV —nlee + Aoy +0p(1) + Ry, (1.10)

(b) If A, is in Category II, then

DBV = p7lele + ntdao? + op(n, 7). (T.11)
(c) Consequently,

lim P(the selected model is .Z,) = 1. (I.12)

n—oo

78



First we show (1.10):

By definition,

2

. 1
BICV __ ~
Fa,n - n.b Z Hys — Ya,se
VY sc

1 B .
= b Z H(Inv - Qa,S) 1(2/5 - )(oe,SBOz)H2

VY se®

1 ~
> s -Xas «@ 2‘ 113
> o5 Dl = Xodbl (113

Since Q, s has the form A(A’A+ B'B)~'A’, all of its eigenvalues are in the interval
[0,1]. If X\ is an eigenvalue of Q, s, then 1 — A is an eigenvalue of I,,, — Q, s so all of
the eigenvalues of I,,, — Q. s, and consequently (I,,, — Q,.)* are in [0, 1]. So

||I . Q H = sup ||(Inv - Qa,S)mH
’ " Jalizo ||

<1

and thus, for all x

(I = Qas)z|| < [l

Letting = (I — Qo) " (¥s — Xu..Ba) we obtain (1.13).
For each s € #

Hys - Xa,sBozHQ = (ys - Xa,sBa)/<ys - Xa,S/éa)

= y;ys - y;Xa,sBa - (Xa,sBa)/ys + (Xa,s:éa>,(Xa,sBa)
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Looking at yys.

S vy =l Ful eyl

SEA SER
b, 9
=ity
B nyb
n
where %2t is the number of times each observation appears in %. Similarly,
> Y X Ba = "y X8,
SER
. nyb .
Z(Xa,sﬁa)ys = n (Xaﬁa>y
SEA
A Npb S, o
Z-ons aS/Ba ( oc,S/@oz) = n (Xa:Boe) (onﬁoe)-

SEA

The above implies that

Z s — XosBal® = ( ! > (nnb) Y'Y — ¥ XoBo — (XaBa)y + (XaBa) (Xafa)]
%

Nyb

Nyb
1 R
= _Hy - Xa5a||2~
n

So then

R 1 )
PS,ZCV = b Z lys — Ya,se ?

VY se

1 ~
= E”y - XaﬁozH2 + Rn

1 1 2
=—€ee+A,,+ {——e’Pae +—€'(I, — P,)X3| + R,.
n n n

Since Ele/(I, — P,)X3] = 0 and var(e'(I, — P,)X3) = E[(e'(I, — P,)XpB)? =
o’@F X'(I, — P,) X3 it follows that

%e’([n ~ P) X = 0,(1).
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Also, since E|e/P,e] = d,o?, then for every ¢ > 0, we have

E[e'P,e]
ne

—e’Pae—O’ >5> = P(e'P,e > ne) < — 0
n

p(1

as n — 0o. So, 2€'P,e —, 0 (that is, e’ P,e = op(1)).

So, it follows that

. 1
ny{ALCV = ;e’e + Aa,n + [Op(l) + OP(l)] + Rn

1
=—e'e+ A, + R, + op(1).
n
Where we let
sprev 1 5 112
R, = an - g”y — XoBall”

Thus we have shown (1.10)

Now we will show (I.11) and (I.12). By condition (4), for s € &

1 1 1

1
! / / / /
X! Xy~ — X} Koy =~ (X} Ko + X} o Xose) = — X Ko
n Ny n Ty
1 1 1
/ /
=X Kase— [ ~—— | X X,
n ’ n ny ’
Ne Ny — NN
= X o Xose+ | ——— ) X, Xos
n:n ’ Ty, ’
Ne Ne(—Ne
= X! o Xose+ —( ) X! Xos
n:n ’ TNy ’

T1 1
_ De [—X; X+ — X, SXW}
n |n. & n, &

o)
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With (2) we have that

(X Xas) ™ — (X0 X0)™! (L.14)
= (- XX (XX ) (XX
nv b b
= (X)) — X)X X)) (KX
nv b b
/ —1 1 / 1 / / —1
= n<Xo¢Xa> _XaXOé - _(on sXOl,S) (on sXOl,S)
n nv b 9
1 . _
=10 (2 )0 (%) (X0, X
n n ’
n
= — X/ Xas -1
0 (22) (X4, Xa)
Therefore
Poz,s - Xa,s(X;’SXa,s)_lX(;,s (115)

= X (X0 o () (XX ) XL

Ny ’ n

=X, (X' X)X, o ("—) X, (X! X)X
- ,

,s
Ty

= ﬁQO“S +o <E> P,, (L.16)
Ty n

By condition (I.9) we have ®» — 1 and n, = n — n, — oo then

Qa,s = @ <Pa,s +o0 <E> Pa,s)
n n
= &Poz,s + 0 (E) Ty Pa75
n n
)
n n
= [240(%)] P (1.17)
n n
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Note that P, ; is symmetric and idempotent

o Z | PasTa SH2 = Z(Pa,sTa,)/(Pa,s”'a,s)

n,b T n,b
VY sen VY ses

as «,S
nvb OéS OCS

€A

- Z :
= r. P,ros
n b «,S ) )
B

v

Cn / Ny ne\1-!
= Tus [g +o|— Qa,s'ra,s

Tpb n
SER

()] B e

SEA
[T n\1"! ¢, 1
=[rro ()] gt (E =1 )wa%
= 1—|—0<nc>] e Zwmrw (1.18)

n ne(n —1)

where
Cn = Ny(n +n)n, > (I.19)
To see how we arrived at the coefficients for (1.18)
n ne\1-t e, c 1 Ny, — 1
T Te n Sy (2 T
[n o < n )} nvbnvb(n ) (n n(n — 1))
n

— |2+
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Define

Ua,s - (ImU - Qa,s)(Inv — CTLPa,s)(InU — Qa,s)

1 - —
AO‘ = n.b erx,s(‘[nv - Qa,s) 1U0¢,8(Inv — Qoe,s) 17»0[78
v ses
- 1 / —1 1
Ba = nvb EZ@TQ,S(InU - Qa,s) (Inﬂ — Ua,s)(-[nv — Qa,s) Tas

Then by (1.3),

- 1

BICV __ ~

Fa,n - ﬂ E ||y8 — Ya,se
v sen

1

= 3y~ Qus) (e — XasBa)IP

Npb
VY ses

1

2

- n b Z[(Inu - Qa,s)_l(ys - on,sBa)]/[(Inv - Qa,s)_l(YS - on,sBa)]

SER

1

- Z(ys - Xa,S/éa)/(Inu - Qa,s)il(Inv - Qa,s)il(ys

Tpb
VY ses

1

nvbs -

1

Tpb
S

1

= Z T;,S(Inu - Qa,s)_l(Inv - Qa,s)_l'f‘a’s
€A

- Z rg‘:S(Inv - Qavs)ilInu (Inu - Qa,s)ilra,s
€A

- on,s/éa)

= — 3" (L~ Qus) (U + (I, — Ua)) (T, — Qus) 'Tas

Nyb “—
VY sen

:Aa+Ba

84
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From the balance property of % and (1.18),

— 1 / 1 4
Aa o nvb ez%ra,s(Inu - Qa,s) Ua,S(Inv — Qa,s) Tas

1 _ _
= Z ’r/Ot,S(Inv - Qa,s) I(Inu - Qa,S)(Inv - CnPa,S)(Inv - QOZ,S)(ITM; - Qa,s) lra,s

nvb

— o Zras L, +c,P,s)Tas
SER

§ : / /
= ’r‘a73’r‘0é,s + Cnrmspoa,s"aa,s
Nyb

SEA

1 c
b Z [70,slI” +

a,sTa,s
VY sen VY sen

1 A Cn
- n bZ“ya,s _on,s/BaHZ"{' bZ”Pa,STa,S”z
74

v ses v

1 A n—+n
= a,s Xa sPa 2 |:1 ( )] = i 1.21
”vbs;@”y’ SBal?+ [1+0 =T Zw r (L.21)

Assume that ., is in Category II. Then by (L.21) and the fact that Y, wiari, =

I*

dao? + 0,(1) we have
1 Ne n + N
A, = 56/(1 — P,)e+ [1 =0 <—>} m[daUZ + 0p(1)]
1,  dyo? ( 1 )
= —e e + + Op -
n nc nC

Now we need to show that B, = o,(n;'). From (1.17)

(T, = Qus)Pas(ln, = Qu) = (L = [ 40 (2)] P ) Pl = Q)
= <Pa,s — [% +o0 (%)] Pms) (L, — Qas)
— <1 _ [% To <%>D (L, — Qus)
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which implies that

(nﬁ) 2 (Inu - Qa,S)Pa,S(Inv - Qa,S) - ﬁ) | [E to (Eﬂ 2 Pa’s

C

for s € # when n is sufficiently large. Then

2
®M—Qw)ua4u,—Qw>lgz<_>1as

Also by (I.17),

Ua,s - (Inv - Qa,s)(InU + CnPa,s>(InU - Qa,s)

(
(1 200) 0 (%) ) i (1~ 22) o
|

= [0 ()] P o en) (1 [ 40 (2] 222)

n n n n

n
Ne

(Inv _ %Pa,s) (L, + caPay) — 0 <—> P, (L, + cnPa,s)]

n

(10 =5 Pus) = (5) Pus)
n n

= <I7Zv - @Pozﬁ) (Inv + CnPOc,S) (Inv -
n

o

C

n

Ty

_Pa,s>
n

) Pas(lo, + uPos) (T, + 2P
n

Ne

_ (Inv M PM) (L, + cuPay)o (—) P.,
n n

n
+0<
n

(¢

) P, + eaPa)o (2 P
n
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).
n

(1.23)

(1.24)
(1.25)
(1.26)

(1.27)



For (1.24),
(1.24) = [(In _ @PM> n <Inv _ @Pw) cnPM] (Inv _ EPM)

mn n n

= |:<Inv - &Pa,s> + <CnPa,s - Cn@Pa,s)] (Inv - @Pa,s>
n n n

2
— (Inv _ @Pa,s) i <cnPa75 _ cn@Pw) <Inv _ @Pw> (1.28)
n n n

Looking at the latter part of (1.28),

Ty

Ny Uz Ny Ny 2
CnPa,s - Cn_Pa,s Inv - ?Pa,s = CnPa,s - CnEPa,s - Cng a,s + Cn g Pa,s

n
2
— (1 el )Pa,s
n n

n
For (1.26),
(1.26) = —o (”-) [(Pw — ,P.) (Inv _ @Pa,5> + (IM _ EPW) (Poy— o Py)
n n n
— 0 ("-) [2Pa,s P 2P+ QCHEPM}
mn n mn
=20 (E) [1 e cn + cn&} P,,
n n n
— % ("—) (1 _ "—) (1— cy) P
n n

For (L.27),

Ne

2
:| (PCV,S + CnPa,s)Pa,s
2
() .,
n

—
>
(]
-3
N~—
I
1
Q
/N
3|
N——
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which implies that

U, = (1.24) + (1.26) + (1.27)

2 2
= (Inv _ @pa”g) + ¢, (1 _ @) Pa,s
n

+ 20 <%> (1 — %) (1—c,) Py
+ [0 (%)] ’ (14 cp)Pus

2 2 2
= (Inv - @Pa,s> + ¢ <1 - E) Pa,s + [0 (E>] (1 + Cn)Pa,s
n n n

2 2 2
~1, 2P+ (”-) P, +c, (1 _ ”-) P, + [o (”—)] (14 ca)Pas
n n n n

2 2
:Inu+ <_& <2_&> +Cn <1_&> ) Pa,s+ [O (E>} (1+Cn)Pa,s
n n n n

=1, + [0 (n—)} i (14 ¢n) P

n

since ¢, (1 — %)2 == (2 — ”—”).

v
n n

Then, by (1.22),

(Inv - Qa,S)_l(Inv - Ua,S)(Inv - Qa,S)_l

~ (I, ~ Qu)”! (In,, L, - o (5)] a+ cn>Pa,s) (T, = Qu) ™!
= [o (%)) (1 4+ e, — Qua) Pl — Q)

<o (%)r (14 )2 (Z_Q> P.,

=20(1)(1 + ¢,) Pas

< o(1)(1 + ) Pas
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SO

a - nvb ZTO‘S Ny Qa s) ( Ny Ua,s)(Inv - Qa,s)_lra,s
Z To s PosTas

Z HPoc s'rozs“2> (1.29)

seﬁ

<o(1)(1+c¢y) (

’U

=o(1)(1+¢cy) (

because from the proof of (3.5) and (3.6) in [25)] Y e | PosTasl? = O, (%)
Thus we have shown (I.11) and (I.12) follows.

1.0.6 Proof that APCYV is consistent from Shao

Here we show that APCV can be derived from BICV. For readability, define

the following:

1 _ A~
I* = n_H(Im, = Qo) (Ys — TasBa) |

1 .
_Hys - ya,sc
n'U v
U,s = (Lo, — Qa,S)(Inu + CnPa,S)(Inv - QOC#)
ne

Qo [120(2)]

n

Cn = Ny(n +n)n, >

Recall that

PEICV _ 4, 1 B,
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where

Z ""(;,S(Inv - Qa,s)_an,s(Inv - Qa,s)_lra,s

Ty

ZTO‘S N Qa s) ( Ny Ua,s)<Inv - Qa,s)_lTa,s

€A

a
nvb

Through some calculations we can show that A, — Fﬁﬁcv

Aa: ZTQS Ny Qas) 1Uas( Ty Qas) To,s

U

s€Hh
1 _ -
N Nyb Zr;,s(1n1; - Qa,S) ( Ny Qa S)< ny + CnPa,S)( Ny Qa S)( ny Qa,S) lra,s
v se
1
= Z 7‘:173(]:711, + CnPa,s)ra,s
Ty
€A
= «,s «,s Oé,S’rOZ,S

1 N c
= as_ons a2 = Pas as2
iy 2 e = XKool % 3 P

v

1 A N, n 4+ n.
= qlly = XoBulf + [0 (T)] T2 vy — ey

ne(n —1)

1 N n n—+mn
= - _Xa o 2 |:1 <_C>] < ia\Yi — L;,Pa 2
oy = XaBall? + 140 () | 7= Zw TiofBa)

1 n+nc
:ﬁHy XaﬁozHQ Zwm Yi — ;0 )2

_ papcv
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Similarly, we can show that B, — 0

Zras Ny Qa s) ( Ny as)(Inv - Qa,s)—lra,s
Z ’I"a SPa sTa s)
== (1) +Cn ( ZHPasroas’P)

Since it can be shown that

’U

<o(1)(1+4¢y) (

U,.=1, [0 (”—)} (14 )P

We will show that if .Z is in Category II, and conditions 1, 2, 3, and 1.9 are met

then
n—+ ne

m(dag + Op(l))

. 1
BICV — —e/(I, — P,)e +
’ n
The APCYV selects a model by minimizing

~ 1 A n+nc
FaA,ZCV = EHy — XoBall” + sza Yi — X3 )2

Looking at the first term,

Hy - Xa/éaHz = (y - XaBa)/(y - Xa/éa)
= (y/ - B&Xé)(y - Xa/éa)

= y Yy - ﬁ Xay y,XOC/éOé + /BA;X;X&B&-
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Through straightforward computation, we find

Yy=p0X,X.B+eX B+3X,e+¢€e
B.X.y=1yP.y
y/XaBa = y/Pay

B&X&Xaéa - y,Pay
then since ., is in Category II

|y — XoBall> = (BaXo X80 + € X Bo + B, Xoe + €e) —y Poy
= (BaXo X! B, +€X 8, + 8. X,e+ €e)
— (BaXoPo X! Bo+ €P.X' B, + B.X,Pae + € Pe)
= (B.XoX.B.+€X.8,+ B, X.e+€e)
— (BaXoPo X' By + €P.X B, + B.X,Pse+ €Pe)
= BaXo(ln — Po) X, Ba + €(I, — Po) X, B
+ 8. X,(I, — P)e+¢€ (I, — P.,e
=¢€'(I,— P,e

1 . 1
= —|ly — XaBal* = —€'(I, — Pa)e
n n
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since X, (I, — P,) = (I, — P,) X! = 0. Now we will look at the second term in

fAPCV
Z wza<yi - w;a/éa)Z = Z wiar?a
= dn,0” + 0,(1)
n+ne I A \2 n+ne 2
i\ Yi ;0 Pa) = da 1
Therefore

1.0.7 Properties of the hat matrix

Theorem 5 If A, is a full rank matriz and A, .1 s a matriz formed by appending

an extra row ' to A, then (A, A,)"" — (Al 1 Any1) " is nonnegative definite.

Proof:

Here A, | = " 1. Then A A, = ALA, + zx' and, using the

m/

Woodbury matrix identity, it follows that
(A,n—i-lAn—f—l)_l = (AlnAn)_l - (A,nAn)_lmwl(A,nAn)_l/(l + w,(A,nAn)_lm)‘
For any nonzero vector u with dimension equal to the order of A/ A,,

u'((ALA,)! — (A;JrlAnH)_l)u = u/ (A A,) 'z (AL A,) u/(1+ 2/ (ALA,) )

= (u(4,4,) '2)?/(1+2/(A,A,) o)
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—1 s full rank and thus

is nonnegative since x'(A,A,)"'z > 0 because (Al A,)
positive definite.

O

Corollary 1 If A, is a full rank matriz and A, .. is a matriz formed by appending

r extra rows to A, then (AL, A,)' — (Al , A,,)"" is nonnegative definite.

Theorem 6 Suppose that Ay is an n x d full rank matriz, x is an n-dimensional
column vector which is linearly independent of the columns of Ay, and Ay is a
matriz formed by appending the column x to Ay. Let hl(-j) be the ith diagonal element
of Hy = A;(ASA;)" AL Then hgdﬂ) > hgd) fori=1,... n.

Proof:

Here Ay = [ Ay T } Then

/ !/
Ad+1Ad+1 =
rA; T'x

and

) L1 b(ALAL) ™+ (AL A)) T ALxr’ Ag(ALA) ™ —(ALA)) AL
(Ad+1Ad+1) = 5 , , .
—& Ad<AdAd) 1

where b = @' — '’ Hyx. Then

b(ALA ) TAL + (ALA)) "Axex’ H, — (A, A;) Az
(A21+1Ad+1)1AId+1_% (AAq) 1+ (AgAg) d ¢ — (AyAq) d
—a'H;+ x’

and

1
H,,=H;+ 3 (Hyxx'H; — Hyxx' — xx' Hy + xx') .
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Then the ¢th diagonal element of Hy,, is

1
1'Hy11; = 1'H1,; + 3 (I'Hyxx' Hj1; — 1'Hyxx'1; — Uz Hyl; + 1xx'1;)

1
=1 H,1; + 7 (I'Hyzx'Hjl; — 1Hyzx'l; — Lxx' Hyl; + 1xx'1;)

= 1/Hyle; + (12 — 1,Hyx)*/b

(1L — Hy)x)

= 1.H,1; .
eHali T x'(I, — Hy))x

Since I,, — H  is positive definite (it is an idempotent matrix with rank n—d),

'(I, — Hy)x > 0 and thus hEdH) > hgd).

O
Corollary 2 Suppose that Ag is an nxd full rank matriz, 1, . .., x. are n-dimensional
column vectors such that 1, ..., x. and the columns of Ay are linearly independent,

and Agyc is a matriz formed by appending the column vectors to Ay. Let hgj) be the

ith diagonal element of H; = A;(A}A;)"' Al Then h§d+c) > hgd) fori=1,...,n.
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