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ABSTRACT

CAUSAL INFERENCE FOR THE EFFECT OF CONTINUOUS
TREATMENT ON TIME-TO-EVENT OUTCOMES AND
MEDIATION ANALYSIS ON HEALTH DISPARITIES IN

OBSERVATIONAL STUDIES

Triparna Poddar

November 28, 2023

The dissertation comprises two projects related to causal inference based on
observational data. In healthcare research, where abundant observational data such
as claims data and electronic records are available, researchers often aim to study
the treatment effect and the pathway of that effect. However, estimating treatment
effects in observational data presents challenges due to confounding factors. The
first project focuses on estimating continuous treatment effects for survival outcomes,
while the second concentrates on mediation analysis, allowing the exploration of the
pathway of the causal effect. Both projects involve addressing confounding variables.

In the first project, I investigate estimation of the average treatment effect
(ATE) of continuous treatment on time to event outcome by adjusting multiple con-
founding factors and considering censoring observations. To adjust confounding fac-
tors, various propensity score methods such as multinomial regression and covariate
balance propensity score models are used to estimate the ATE via the inverse proba-
bility of treatment weighting (IPTW) method. For continuous treatments, the IPTW

is generated from covariate balancing generalized propensity score. To remedy the



possible bias in estimating ATE for time-to-event data due to censoring observations,
we incorporate the censoring weights to estimate ATE. We propose using both the
[PTW and the censoring weights (say, double weighting approach) to estimate ATE
using the marginal structural accelerated failure time (AFT) model, where the IPTW
adjusts for confounding factors and the censoring weights remedy the impact due to
censored observations. Comprehensive simulation studies demonstrated our proposed
method performed well. We applied our proposed method to examine if blood lead
level impacts the time to death of older people in the United States, utilizing data
from the NHANES III survey dataset.

In the second project, I delve into the more complex causal pathways of expo-
sure on the outcome using mediation analyses. I begin with basic mediation analyses
and progress to the more advanced four-way decomposition of causal effects from ex-
posure to outcome. This includes the interaction between multiple mediators and the
exposure. Expanding the scope of mediation analyses and four-way decomposition, I
extend it to survival analysis and demonstrate the IOM-defined disparity in terms of
four-way decomposition effects within the mediation analysis framework. Mediation
analysis proves to be a crucial tool in unraveling the intricate pathways contributing
to disparities among racial groups. Extensive simulation studies are conducted to
examine the contribution of decomposition effects under various settings of mediators
and outcomes. Finally, I investigate the factors influencing racial disparity among the

black and white populations in the United States based on the NHANES III database.
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CHAPTER 1
ESTIMATION OF AVERAGE TREATMENT EFFECT FOR
SURVIVAL OUTCOMES WITH CONTINUOUS TREATMENT IN
OBSERVATIONAL STUDIES

1.1 Introduction

In observational studies, the estimation of the Average Treatment Effect (ATE) en-
counters notable challenges due to the absence of random assignment, leading to
potential confounding. Propensity score weighting methods are commonly employed
to address this issue, although the estimation of propensity scores for continuous
treatments poses distinct challenges that require careful consideration. Moreover,
when dealing with time-to-event data as the outcome of interest, it is crucial to ac-
count for bias introduced by censored observations in the ATE estimation models.
The primary objective of our first project is to develop a novel method for estimating
ATE in situations involving continuous treatment and time-to-event outcomes.

In clinical trials, Randomized Control Trials (RCTs) stand as the gold stan-
dard for estimating the treatment effect of a new exposure or treatment on various
outcomes. Within an RCT, participants are randomly allocated to different treat-
ment groups, ensuring that the distributions of confounding factors, whether they
are measured or unmeasured, are comparable among the various treatment groups.
The treatment effect on outcomes can be directly estimated by calculating the differ-

ence in sample means between treated and control participants. However, in practical



terms, it is not always ethical, feasible, or cost-effective to conduct an RCT. On the
contrary, observational data is often more readily available, prompting researchers to
attempt to assess treatment effects using this type of data. It’s important to note that
in observational studies, treatment assignment, denoted as A, is frequently influenced
by patients’ characteristics, represented by X. Additionally, the outcome Y is influ-
enced by both patients’ characteristics X and the treatment A, as illustrated in Figure

1.1. Hence, the relationship between treatment and outcome becomes confounded by

X
Confounder

A R Y
Treatment i QOutcome

Figure 1.1: Causal effect of treatment A on outcome Y confounded by X.

patients’ characteristics and various other potential confounding factors. A direct
comparison of outcomes between the treated and control groups no longer serves as
a valid estimator for the ATE. To estimate the ATE using observational data, it is
essential to control for these confounding factors. The most commonly used methods
for this purpose are propensity score-based techniques, such as matching, stratifi-
cation, regression, inverse probability of treatment weighting (IPTW) (Rosenbaum,
1987), and doubly robust methods (Lunceford and Davidian, 2004). The majority
of these existing propensity score estimation methods are based on binary treatment
settings where the propensity scores are estimated by logistic regression. However,
employing these techniques often requires researchers to dichotomize a continuous

treatment, leading to the loss of crucial information and insights within the data.



In recent years, there has been an exploration of ATE estimation for multiple
treatment groups using the generalized propensity score (GPS) (Imbens, 2000). How-
ever, research on ATE estimation for continuous treatments remains limited. Hirano
and Imbens (2004) have extended these methods to estimate the ATE for continu-
ous treatment when dealing with binary or continuous outcomes through the use of
regression models on both treatment and propensity scores. It’s worth noting that
ATE estimates relying solely on regression analysis may introduce bias (Hade and Lu,
2014), and mis-specification of GPS can also lead to biased ATE estimates. To alle-
viate the potential impact of mis-specification of of GPS, Imai and Ratkovic (2014)
introduced the concept of a covariate balancing propensity score (CBPS) for binary
treatment. CBPS leverages two fundamental properties of the propensity score: esti-
mating the likelihood of treatment assignment for each subject based on their covari-
ates and achieving a balance in covariates across different treatment groups. CBPS
effectively improves the covariate balance among various treatment groups, thereby
enhancing the robustness of the estimation. Fong et al. (2018) expanded on this
idea by introducing the covariate balancing generalized propensity score (CBGPS)
for continuous treatment scenarios. CBGPS estimates propensity scores by minimiz-
ing the correlation between treatment and confounding covariates through weighting,
thereby improving the balance of covariates across treatment groups in cases involving
continuous treatments.

In this study, our primary focus is on estimating ATE when the treatment is
continuous, and the outcome is represented as time-to-event data, accounting for the
presence of right-censored observations. Time-to-event outcomes often involve cen-
sored observations, which occur when subjects do not experience the event outcome
during the study period. Estimating ATE for time-to-event outcomes necessitates
addressing the bias introduced by right censoring. To correct for this bias, the in-

verse probability of censoring weights (IPCW) is frequently employed, as detailed in



the works of Cain and Cole (2009); Cole and Hernan (2008); Robins and Finkelstein
(2000). This approach involves estimating the probability of censoring over time,
and the inverse of the probability of remaining uncensored is used as a weight for
uncensored observations when modeling. Estimating the probability of censoring is
typically accomplished using Kaplan-Meier curves for situations involving indepen-
dent censoring and the Accelerated Failure Time (AFT) model when dealing with de-
pendent censoring. Various methods have been developed to address right censoring
and estimate ATE for time-to-event data when the treatment is binary or categori-
cal (Andersen et al., 2017; Austin, 2010). Xie and Liu (2005) proposed an adjusted
Kaplan—Meier estimator of the survival function and the log-rank test incorporating
[PTW. Andersen et al. (2017) introduces the concept of creating a parallel dataset
using pseudo observations to account for right censoring for survival outcomes, which
can be used in traditional causal inference methodologies. Austin (2018) examines
the effectiveness of the generalized propensity score in estimating the impact of con-
tinuous exposures on survival or time-to-event outcomes. To account for censoring
the dose-response function was modified as the survival function which was estimated
from the Cox-Proportional hazard model.

In our study, we extend these methods to estimate ATE for time-to-event
outcomes when the treatment is continuous. We apply both the IPTW and IPCW
to estimate ATE using a marginal structure AFT model. We also investigate the
performance of the double-weighting method in estimating ATE when the generalized
propensity score is estimated using the maximum likelihood method or the CBGPS
method. The remainder of this paper is structured as follows. In Section 1.2, we
first outline the notations and the fundamental assumptions that underpin our study.
Following this, we describe the proposed double weighting method for estimating ATE
for continuous treatment in the context of time-to-event outcomes and provide an in-

depth exploration of the associated theoretical properties. In Section 1.3, we conduct



a series of simulated studies to assess the performance of the proposed methodology.
In Section 1.4, we apply our proposed method to investigate the impact of blood lead
levels on all-cause mortality among older individuals in the US population. The final

section of this chapter is dedicated to an in-depth discussion.

1.2 Basic assumptions and the proposed method

In this section, we begin by defining all the terms we used for our paper and explain
the identification assumptions required under the causal framework to develop our
proposed method. Then we describe our proposed method with the double weighting
method for estimating ATE for continuous treatment for time-to-event outcomes.
In the final subsection, we delve into the theoretical properties associated with the

estimators derived from our proposed method.

1.2.1 Notations

Let X € X denote a p-dimensional vector of covariates of a patient, and A € A denote
the treatment that the patient received. Here X and A are the support of X and A
respectively. In this work, X is a compact set in RP and A is either R if A is continuous,
or a set with finite many values if A is discrete. We use 7" to denote the actual survival
time of the patient and 7® to denote the potential survival time if the patient has
received treatment a. As in practice, the survival time T is often subject to right
censoring by C, the observed variable is T = min{T,C} and § = 1{T < C} is the
censoring indicator, where 1{-} is an indicator function. The observed data consist of
n i.i.d replicates of D := (X, A, T,6), denoted by {D; = (X;, 4;,T;,8;),i =1,--- ,n}.
For convenience, we define Y; = logT; and Y; = logT,. We further denote V(@ =
log T, T — min(7T@, C), and y@ — log T@ as the notations associated with
potential outcomes if the patient has received treatment a where a € A. For generic

random variables U and V', let fy(-) and fy(-|V) denote the density (probability



mass) function of U and the conditional density (probability mass) function of U
given V. In addition, we use fy(-|V,n) to denote the conditional density (probability
mass) function of U given V' governed by parameters 0. In particular, we use G*(-)
to denote the survival function of C, that is, G*(u) = P(C > u).

Our target estimand is ATE which is defined as the difference of potential

outcomes under two treatments (say a vs a’). That is
ATE(a,d') = E[Y @] — E[Y(@)] (1.1)

Note that, not all potential outcomes are observable. Indeed only one potential
outcome is observed which is the potential outcome corresponding to the received
treatment. To estimate ATE based on observational data, the following assumptions

are required (Brown et al., 2021; Imbens, 2000):

(1) Weak unconfoundedness (or Ignorability): the treatment assignment A is inde-

pendent of the potential outcome Y(® given confounding variables X. That is,

Y@ 1 AX Va € A. (1.2)

(2) Positivity: a subject has a non-zero probability of receiving any treatment. That
is,

f(a]X) >0 Vaec A, X e X, (1.3)
where f(a|X) is the density function of A given X.

(3) Consistency: the observed outcome is the potential outcome corresponding to the
observed treatment assignment. That is,
Y =) 1(A=aY (1.4)
acA
(4) Correct specification of GPS model and correct specification of censoring proba-

bility model.



Given the four underlying assumptions, we present the following double weighting
method to estimate ATE for time-to-event data in the presence of right-censored

observations.

1.2.2  The proposed method

We have considered X to be standardized with zero mean and unit variance. Let
wy(a;x) denote the weights that balance the observed covariates X across different
values of the treatment variable A. We consider w,(a;x) = fa(a)/fa(a|x), where the
numerator fa(a) is the stabilizing factor (Robins et al., 2000) and the denominator
fa(alx) is the generalized propensity score (GPS) (Imbens, 2000).

In continuous treatment setup, the GPS, f(a|x) is defined as the conditional
density of receiving a treatment A = a given confounding covariates X = x (Hirano
and Imbens, 2004). Following Hirano and Imbens (2004) and Imai and Van Dyk

(2004), we assume that the GPS f4(a|x) has the conditional normal density as follows:

1 T A*\2
falalx, &%) = NG exp (—%) :

where € = (8*",0*)". Then the weights that balance the confounding variables can

be expressed as

i) = 0 ) = L (WX PE ) )

fA(a|X) o** 20-*2 B 20-**2

where 0*** = 87 3+0*2. In practice, £* is typically unknown but can be well estimated

by €, a maximum likelihood estimator (MLE). According to the MLE theory (see,
e.g. Le Cam, 1990), £ = & 4+ O,(n""/2). Another robust method to estimate the
IPTW is the CBGPS method which estimates parameters in the propensity scores
model by setting the correlation between treatment and confounding covariates in
the weighted sample being zero (Fong et al., 2018). The method can be implemented
using R-package CBPS (Fong et al., 2021) .

With time-to-event outcomes, we consider the AFT marginal structural model



(AFT-MSM) as follows:
ElogT®] = E[Y“] = Z(a) T, Va € A. (1.6)

In our methodology, we consider Z(a) as a generalized known function of treatment
a. For instance, when the potential outcome Y@ exhibits a linear relationship with
the treatment level a, we can set Z(a) = (1,a)" to form a simple linear function,
where Z(a)"0* = 0% + afi. However, if the potential outcome Y () has a piecewise
linear relationship with treatment level a, we may employ different basis functions
for Z(a). For example, Z(a) = (1,a,(a —¢);)" helps capture relationship changes at
the threshold c¢. Z(a) can be designed as a flexible vector of functions to effectively
describe the relationship between the potential outcome Y (® and a, characterized by
the parameter 6*. To estimate the causal parameters 6* within the AFT-MSM, we
must account for the bias arising from confounding and censoring. For simplicity, we
assume that the random censoring C' is independent of (7', A, X). It is worth pointing
out that our proposed method can be extended into the case where C' is independent
of T' given X and A. Please see Remark 1.2.1 for more detailed discussions.

Let denote Z = Z(a) = (Z(a), Zi(a), - - ,Zq(a))T, let @ = (6p, 01, ,0,)"
and h = (£, G) where G(-) is a survival function. Define m(D, 8, k) = w(D, h)Z(Y —
Z'0) and M(0,h) = E[m(D,0,h)], where w(D,h) = dw,(A4;X,€)G(Y). Then

the marginal structure equation for the parameters in the AFT-MSM model is
M(0*,h") =0, (1.7)

where h* = (€, G*). We refer the validation of the equation to the Appendix.
Moreover, we define M, (0,h) :=n"'>""  m(D;,0,h) and consider the esti-

mating equation as follows:
M, (0.h) => m(D;,0,h) =Y wDi, h)Z(Y; — 2] 6) =0, (1.8)
i=1 i=1

where h = (€, G), and G(-) is the Kaplan-Meier estimator of G*(-). Simple algebra



yields the solution to (1.8) as

o= (Z (D, h)Z; ZT> > w(Di, h)Z:Y, (1.9)

i=1 i=1

Remark 1.2.1. If C s independent of T given X and A, we can estimate the con-
ditional survival probability P(C' > u|A,X) by the conditional Kaplan-Meier method
(see, e.g., Dabrowska, 1989; Gonzalez-Manteiga and Cadarso-Suarez, 1994) and de-
note the resulting estimator by é(-;A, X). Then we can replace é() by G(-;A,X)
in h and subsequently M, (0, h) in Equation (1.8). It can be shown that our proposed

method would still provide consistent estimates of 6*.

1.2.3 Theoretical Properties

In this subsection, we investigate the theoretical properties of our proposed esti-
mators. We begin with introducing some necessary notations. We use c to repre-
sent an unspecified positive constant whose value may vary. Let ||B|; denote the
[-norm of B, where B can be a vector or a matrix. We assume that £" is an in-
terior point of  and 6" is an interior point of ®, where €2 and ® are two com-
pact sets in R?. In addition, G* € G and G is an infinite dimensional parameter
space. Define Q. :={€& € Q: | — & || < €}, O, = {0 € ©,]|0 — 07| < ¢}, and
Go:={h€g:||G—G*|w < €}. In addition, we denote Q x G and 2. x G. by H and
H., respectively.

For any (8,h) € Q. x H,, we denote the ordinary derivative of M (8, h) with
respect to @ as T'1(0, h), which satisfies T'y(0, h)(0; — 0) = lim;_,ot M (0 + (0, —
0),h) — M(0,h)] for all 8; € Q. Additionally, for any & € Q., we say M(0,h) is
path-wise differentiable at h € H,. in the direction [hy — h] if {h + t(hy — h) : t €
0,1]} € H and limy ot~ [M (6, h+t(hy —h))) — M(0, h)] exists. We denote the limit
by I'2(6,h)(hy — h).

We next impose the following regularity conditions that facilitate our technical



derivations:

(C1) The study has a finite duration L such that 7" € (0, L] and G*(L) > 7 for some

constant 7 > 0.

(C2) (a) Conditional exchangeability: {T@ a € A} L A|X; (b) Consistency: if
A=a, TW = T@ = T; (c) Positivity: if A is discrete, f(a;x,€") > v > 0
and if A is continuous, for all values of x with f(x) > 0 we have f(a|x) > 0,
where f(+) is the density of X and f(a|x) is the conditional density function of
A given X.

(C3) The fisher information matrix for &, I(£7), is invertible.

Remark 1.2.2. Without loss of generality, we consider ) and G such that for all
£€cQand G e g, |E[w2(A X, €)] | <cand |G- G| < 7/2, where T is defined
in Condition (1). In fact, | E [w2(A; X, €)] || < c is satisfied by 0 > (20*%) /(202 +1)

for o in &, given that X and € are compact.

Theorem 1.2.1. Under AFT-MSM (1.6) and regularity conditions (C1)-(C3), 8 —,

0, where —, denotes the convergence in probability.

Theorem 1.2.2. Under the same conditions as in Theorem 1.2.1,

A

V(0 —6%) —4 N (0,(E[ZZ"))'"V(E[ZZT])™),

where —4 denotes the convergence in distribution, V is the covariance matriz of
(m(D270*7h*) + 77(AZ7X1) + ﬂ)(iuél))? and n(Asz) and ¢(TZ752)) are d@ﬁ’ﬂ@d in

Equations (2.27) and (2.28) respectively, in the Appendiz.

The proofs of Theorem 1.2.1 and Theorem 1.2.2 are provided in the Appendix at the

end of this chapter.
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1.3 Simulation study

Through a comprehensive simulation study, we assess the performance of our proposed
method in estimating ATE for time-to-event outcomes. Our methodology leverages
double weighting, which involves both confounding and censoring weights. To gauge
the effect of the weights used in estimation, we also incorporate true weights, wherein
both propensity scores and censoring probabilities are generated from the underlying
models. Additionally, we obtain ATE estimates without any weighting, with only
weights derived from the estimated propensity scores while ignoring censoring, and
with only estimated censoring weights while overlooking confounding. We also delve
into the impact on ATE estimation resulting from the strength of the association
between confounding and treatment assignment, the censoring rate, and the sample

size.

1.3.1 Simulation settings

Let us denote X as a vector of confounding variables. Let assume X € RP, where

p = 10. The treatment A was generated based on the following GPS model.
A~ N(XTB,2%), (1.10)

where 8 = k(14,06). Here 1, indicates a vector of 1 with four elements and 0g indi-
cates a vector of 0 with six elements. x was used to capture the degree of association
between treatment and confounding variables. x took value 0.1 to indicate a weak
association between treatment and confounding variables, and x took value 0.5 to
indicate a strong association between treatment and confounding variables.

Given X and A, the outcomes were generated from the following outcome
model:

log(T) =0y + 0, A+ X Ty + oe. (1.11)

11



Here 6y was set as 1 and #; was varied in the set {0,0.25,0.5,0.75,1} to capture dif-
ferent levels of treatment effect of A on Y. v = (1,0.5,—-0.3,0.2,04), which indicated
that the outcome was associated with the first four confounding variables only. We
set 0 = 0.5 and € ~ N(0,1) in the outcome model (1.11).

The censoring time was generated from the model:
log(C) = pe + oce.. (1.12)

Here we set €. ~ Gumbel(0,1) and p. = 3.6. We set 0. as 3.6 and 13.2 to control the
censoring probability at 15% and 30% respectively.

In each of the aforementioned scenarios, we conducted simulation studies em-
ploying two distinct sample sizes: n = 1000 and n = 5000. Consequently, we have
a total of 8 simulation settings, reflecting two values for s to denote varying degrees
of association between treatment and confounding variables, two different censor-
ing probabilities, and two sample sizes. For each simulation set, we generated 1000

samples. The simulations for each setting were conducted in the following steps.

Step 1: Generated a sample with n i.i.d observations for (X, AT, 9), where each ob-
servation was generated through the following steps: (i) generating 10 indepen-
dent covariates, denoted as X = (X, X5... Xjo), from a multivariate normal
distribution MV N(0,I); (ii) generating treatment A using the GPS model de-
scribed in Equation (1.10), where A was only associated with the first four
covariates; (iii) generating the survival time from the AFT model specified in
Equation (1.11); (iv) generating the censoring outcome using the model pre-
sented in Equation (1.12); and (v) generating the observed outcome, denoted

as T = min{T, C}, and the censoring indicator, § = 1{T < C'}.

Step 2: For each observation in the sample, two potential outcomes under control (a =
0) and under exposure at level 1 (a = 1) were generated. Specifically, they were

generated from log(T ) = 0y + X T~y 4 o€ and log(TM) = 0y + 6, + X v + oe.

12



Step 3:

Step 4:

Step 5:

Step 6:

Consequently, we calculated the true sample treatment effect as the difference

between the sample mean of log(T™) and the sample mean of log(T®).

Obtained the inverse probability of treatment weights for each observation based
on the true propensity score model as well as the estimated propensity score

models, which were obtained from MLE method and CBGPS, respectively. The

fA.tT'ue
fA.true|X ’

where A.true ~ N(0O,||3||*> + 22), and A.true|(X = x) ~ N(z'3,22). The

weight based on the true propensity score was calculated as W, 4ye =

weight based on the MLE estimated propensity score by MLE method was
obtained by W, e = fi—j;, where A.est ~ N(usample(A)ﬁ(QA)), Aest|(X =
z) ~ N(z75,6%), and 8 and 64 were estimated from linear regression model.

For comparison, we also estimated generalized propensity scores by CBGPS

method directly using the R package.

Obtained the censoring weights based on true censoring model and estimated
censoring model. The true censoring weights were obtained from P[log(T) > t],
where log(T) ~ Gumbel(ji., o) with pi, and o, defined in Equation (1.12). The
estimated censoring weights w,. were estimated using Kaplan-Meier estimator,

which were the inverse of the survival probability of the censoring variable. We

set w,. at 0.0001 if the estimated weight was 0.

0 was estimated by the equation (1.9) with different specifications of weights as

specified in Steps 3 and 4.

Obtained variance estimation of the treatment effects by bootstraping procedure

with 100 resampling for each specification of weighting method.

We repeat our simulation procedure 1000 times from Step 1 to Step 6 under

each setting. From 1000 simulations, we obtained the mean of the 1000 estimated

treatment effects, root mean square error (RMSE), mean standard error from boot-

strap estimate, and mean coverage rate for 95% CI, respectively.

13



1.3.2 Simulation results

In Figures 1.2 and 1.3, we present boxplots illustrating the 1000 ATE estimates
derived from our simulation studies. These studies aimed to explore different methods
for estimating ATE under varied conditions, specifically focusing on the censoring rate
and the degree of association between confounding and treatment. The simulations
were conducted for two sample sizes, namely n = 1000 and n = 5000, as depicted in
Figure 1.2 and Figure 1.3, respectively. For each sample size, we explored four distinct
simulation scenarios. These scenarios encompassed two levels of censoring rates (15%
and 30%, indicated in the first row and second row, respectively, in each figure)
and two levels of association strength between confounding variables and treatment:
k = 0.1 for low association (shown in Panel A) and x = 0.5 for moderate association
(displayed in Panel B). In each cluster of boxplots, the first boxplot illustrates the ATE
estimates without weighting. The second and third boxplots show ATE estimates with
the inverse of the probability of treatment weighting (IPTW) and the inverse of the
survival probability of censoring, respectively. These probabilities were estimated by
the Maximum Likelihood Estimation (MLE) method for treatment and the Kaplan-
Meier method for censoring. The last three boxplots depict ATE estimates using the
double weighting method. The process starts with true propensity score and true
censoring weights, followed by estimates using weights derived from the propensity
score estimated by the MLE method and the estimated probability of survival of
censoring by the Kaplan-Meier method. Finally, the last set of estimates uses weights
derived from the propensity score estimated by the CBGPS method and the estimated
probability of survival of censoring by the Kaplan-Meier method. The horizontal line
for each cluster of boxplots represents the true ATE obtained from the true potential
outcomes at the particular level of treatment effect on Y. The boxplots reveal that
ATE estimates obtained without any weighting or with solely IPTW or censoring

weighting exhibited substantial bias across all simulation settings. As the association
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between confounding and treatment increased, the bias for ATE estimates by the
estimated censoring weights got larger. Conversely, ATE estimates generated by the
three different double weighting methods tended to show lower bias. However, as
the association between confounding and treatment increased, the variance for ATE
estimates for double weighting with true weights and weights estimated by MLE
method and Kaplan-Meier method also increased. The smallest bias and variance
were obtained by the double weighting method with weights estimated by the CBGPS
method and Kaplan-Meier method in all simulation scenarios. As the sample size
increases, Figure 1.3 demonstrates a reduction in overall bias and variance for all
double weighting methods.

Figures 1.2 and 1.3 clearly demonstrate that the ATE estimates from double
weighting methods (see the last three boxplots in each condition) were unbiased,
while the unweighting method, IPTW only, and censoring only weighting methods
exhibited bias. In Figure 1.4 for n = 1000 and Figure 1.5 for n = 5000, we plotted the
RMSE obtained from 1000 estimates of ATE for the three double weighting methods:
true weights, estimated weights by MLE and Kaplan-Meier method, and estimated
weights by CBGPS and Kaplan-Meier method. From these figures, we find that the
ATE estimates of the double weighting method based on CBGPS and Kaplan-Meier
method had the smallest RMSE, indicating that this double weighting method works
best. Comparing Panel A and Panel B, we observe that the RMSE increased as the
association between confounding variables and treatment increased. Additionally,
comparing Figure 1.4 for n = 1000 and Figure 1.5 for n = 5000, we conclude that as
the sample size increased, the RMSE decreased.

In Figures 1.6 and 1.7, we plotted the coverage rates of the 95% CI for the
true ATE obtained from 1000 simulation runs for n = 1000 and n = 5000 based
on the three double weighting methods. When the association between confounding

variables and treatment was small (Panel A), the coverage rates from the three double
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weighting methods were quite similar and close to the nominal rate of 95%. However,
when the association between confounding variables and treatment became moderate
(Panel B), only the coverage rates of the double weighting method based on CBGPS
were closest to the 95% nominal coverage rate.

These simulation results clearly underscore the importance of addressing con-
founding and censoring when estimating the ATE for time-to-event outcomes. Un-
biased results can be achieved by incorporating both propensity score weights and
censoring weights in the AFT-MSM for outcomes with censored observations. In-
creasing the sample size enhances the performance of our proposed model. Moreover,
propensity score weighting by the CBGPS method proves to be more robust in esti-
mating ATE. From all the figures, it is evident that the double weighting method by
CBGPS outperforms others, exhibiting smaller bias, smaller variance, smaller RMSE,

and a coverage rate closest to the 95% nominal rate.

1.4 Case study: blood lead level versus mortality based on NHANES

IIT dataset

The relationship between blood lead levels (BLL) and mortality is a complex and
multifaceted topic. Lead is a toxic metal that can affect multiple organ systems in
the body, including the nervous, cardiovascular, and renal systems (Ara et al., 2015).
Studies have suggested that elevated blood lead levels may be associated with an in-
creased risk of mortality, particularly due to cardiovascular diseases. Lead exposure
has been linked to hypertension, atherosclerosis, and other cardiovascular conditions
that can contribute to mortality (Schober et al., 2006; Pirkle et al., 1994). However,
it’s essential to note that the relationship between BLL and mortality is not always
straightforward, and can be confounded by socioeconomic status, lifestyle, and envi-

ronmental factors. In our present study, we employed data from the third National
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Health and Nutrition Examination Survey (NHANES III), conducted in two phases
from 1988 to 1994 (Data, 1994). The aim was to explore the causal relationship be-
tween BLL and mortality, taking into account confounding variables and adjusting
for censored observations using our proposed method. To assess mortality, informa-
tion up to December 31st, 2019, regarding NHANES III participants was gathered
from the Linked Mortality Files (LMF) provided by the National Center for Health
Statistics (NCHS).

The blood lead levels (BLL) for participants in NHANES IIT were obtained
during the mobile physical examination day, and a detailed description of BLL mea-
surements can be found in Pirkle et al. (1994). The limit of detection (LOD) for
the lead level was 1.0 mg/dL, and for participants with BLL below LOD, it was
imputed as LOD/+/2, resulting in 0.7mg/dL. In our analysis, we focused on partici-
pants within the age range of 50 — 70 years at the time of the survey interview and
excluded individuals with accidental death records. BLL was considered as the treat-
ment variable in our analysis. To satisfy the normality assumption for the estimation
of propensity score weights, we applied a log transformation to BLL.

For our covariates, we included age, sex, race-ethnicity, metro area, educa-
tion level, poverty income ratio (PIR), exercise, smoking, and alcohol consumption.
Additionally, we considered comorbidities such as cancer, stroke, cardiovascular dis-
ease, diabetes, and chronic kidney disease (CKD). Race and ethnicity information
for participants was categorized as Non-Hispanic Black, Non-Hispanic White, His-
panic origin, and others. Education levels were classified into three categories: no
education, less than high school, and College or above. The PIR (Poverty-to-Income
Ratio) was determined by evaluating the family income in relation to the poverty
threshold, adjusted for both family size and the annual inflation status. For the ex-
ercise variable, the frequency of any physical activity undertaken by participants was

aggregated and expressed as “times per month”. Smoking status was classified into
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three levels: “former” for those who had smoked more than 100+ cigarettes in their
lifetime but had since quit, “current” for participants who were smoking at the time
of the survey, and “never” for those who had not smoked more than 100+ cigarettes in
their life time. Participants’ alcohol consumption was categorized into three groups:
“former” if they had consumed at least 12 alcoholic drinks in their lifetime but had
not had at least 12 drinks in the last 12 months, “current” if they had consumed at
least 12 drinks in the last 12 months, and “never” otherwise. A participant was iden-
tified as having diabetes based on self-report during the interview or having glycated
hemoglobin > 6.5% or plasma glucose > 125 mg/dL. Participants with a history of
heart disease were identified if they reported a past heart attack or had congestive
heart failure. Participants were identified with CKD based on lab reports indicating
estimated GFR (eGFR) < 60 ml/min per 1.73m? or Urine albumin to creatinine ra-
tio (ACR) > 30 (Selvin et al., 2007). eGFR is creatinine-based estimated glomerular
filtration rate. Serum creatinine was measured using a kinetic rate Jaffe method and
all serum creatinine measurements were re-calibrated to standardized creatinine mea-
surements (Coresh et al., 2007). The total number of patients within the specified
age range of 50-70, considering all the mentioned covariates, exposure, and outcome,
was 3621. Out of these, 2456 individuals passed away before December 31st, 2019,
while the remaining 1165 participants were alive, accounting for 32% of censoring.
The study by Schober et al. (2006) suggested that individuals with BLL ex-
ceeding BLL 5 ug/dL are more susceptible to mortality. To evaluate potential con-
founding effects of certain covariates on the relationship between exposure to BLL
and mortality, participants were classified into two groups: “low BLL” for those with
BLL < 5wug/dL and “high BLL” for those with BLL > 5 ug/dL . The distribution of
characteristics among participants for each categorical covariate is summarized in Ta-
ble 1.1. The “Total #(%)”, “Died #(%)”, and “P-value” columns present the overall

distribution, mortality rates, and associated p-values, respectively. Additionally, the
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association between each categorical covariate and BLL exposure is detailed in the
last two columns of Table 1.1. Notably, it is evident that (1) males exhibited a higher
mortality rate than females (73.7% vs. 62.3%), with males also having a higher BLL
exposure than females (42.6% vs. 20.7%); (2) Black participants had a higher mortal-
ity rate than white participants (73.3% vs. 67.9%), and Black individuals had higher
BLL exposure than their white counterparts (47.5% vs. 23.7%). Similar trends are
observed for current smokers and participants with hypertension, which are detailed
in Table 1.1. Moving on to continuous confounding variables, Table 1.2 presents the
mean and standard deviation (SD) values. These statistics are further stratified based
on survival status and BLL exposure (low vs. high). Noteworthy findings include (1)
participants who died and those exposed to high BLL had lower Poverty-to-Income
Ratio (PIR); (2) individuals who died and those with high BLL exposure engaged in
less physical exercise. These observations suggest a potential confounding effect of
PIR and physical exercise on the relationship between BLL and mortality.

To address this confounding, we employed the proposed double weighting
method with propensity score weights estimated by CBGPS. This approach aims
to untangle the causal relationship between BLL and survival, accounting for the
influence of confounding variables. Figure 1.8 displays a scatterplot featuring each
continuous covariate plotted against Blood Lead Level (BLL), showcasing regression
lines derived from both the original and weighted samples. The continuous covariates,
such as age, poverty-income ratio, BMI, and physical exercise level, are presented in
a logarithmic scale. Notably, the regression lines, adjusted by the CBGPS weights,
reveal a shift towards zero, indicating that in the weighted sample, these covariates
no longer exhibit a significant association with BLL. This adjustment underscores the
effectiveness of the CBGPS weights in mitigating the covariate-exposure association.

In Figure 1.9, stacked barplots illustrate the distribution of characteristics for

each categorical covariate, stratified by low and high BLL exposure levels. The initial
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log (PIR)

Legend

— Original
— Weighted

log (Excercise)

log(BLL) log(BLL)

Figure 1.8: Scatterplot illustrating the relationships between continuous covariates
(age, PIR, BMI, and exercise level) and Blood Lead Levels (BLL), accompanied by
the fitted regression lines in both the original and the weighted sample.

observation reveals distinct covariate distributions between low and high BLL expo-
sure. However, considering CBGPS weights in the weighted sample, covariate distri-
butions emerge similar between low and high BLL exposure groups. For instance, in
the original sample, there was a higher percentage of females in the low BLL group
and a higher percentage of males in the high BLL group but in the weighted sam-
ple the gender distribution becomes remarkably similar between low and high BLL
exposure groups. This further supports the effectiveness of the IPTW methodology
in balancing covariate distributions, thereby enhancing the comparability between
different BLL exposure levels.

Figure 1.10 illustrates the scatterplot of time-to-death in months versus BLL
among the participants who died. The plot features two predicted trend lines: one
derived from the original sample (solid line) and the other from the weighted sample
using double weights (dashed line). In both the original sample and the weighted

sample, a noticeable decrease in months to death is observed when BLL exceed 5
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ug/dL (equivalent to 1.6 in log-scale). In other words, as BLL increases, survival time
decreases, though the decline rate in the weighted sample is less pronounced than in
the original sample. To formally investigate the causal relationship between BLL and
survival time, considering 5 ug/dL as a change point, we employed the Accelerated

Failure Time-Marginal Structural Model (AFT-MSM) with a change point at log(5):

log(Y) = 6y + 61log(BLL) + 65 (log(BLL) — log(5)) , + €. (1.13)

Here the function (z) takes value z if > 0, and 0 if z < 0. Table 1.3 shows the
estimated parameters obtained from the model in (1.13), both without and with the
application of double weights. The standard errors and 95% confidence intervals for
these estimated parameters were obtained through bootstrap sampling. Based on the
results from the double weighting approach, it can be concluded that when BLL is less
than 5 ug/dL, there is no significant causal association with time to death. However,
when BLL exceeds this threshold, it becomes significantly causally associated with
mortality time. Specifically, with a 1-unit increase in BLL in log-scale, there is a
21.3% decrease in survival time in months.

In Figure 1.11, we compared the survival curves between the low BLL and
high BLL in both the original sample and the weighted sample. Log-rank tests, both
without and with weights, were applied to examine the survival difference between
the low BLL and high BLL groups in both samples. We conclude that a significant
difference exists in the survival curves between the low BLL and high BLL groups
in both the original and weighted samples. Although the difference in the weighted
sample is not as pronounced as in the original sample, adjusting for the effects of
confounding covariates through weighting demonstrates a clear causal association

between BLL and survival time.
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Table 1.3: Estimated effect of Blood lead on time to death, Standard Error and
Confidence Interval at 95%

No weighting
Parameters Estimate Std Error 95% CI

0 5.129 0.040 (5.051, 5.207)
0, 0.019  0.034 (-0.085, 0.047)
0 -0.368  0.093 (-0.55, -0.187)
0y + 0 0.388  0.074 (-0.534, -0.242)

Double Weighting: CBGPS
Parameters Estimate Std Error 95% CI

0, 5.212 0.048 (5.118, 5.306)

0, 0.055 0.040 (-0.023, 0.133)
0 0.301  0.131 (-0.556, -0.045)
01 + 05 0.246  0.108 (-0.458, -0.034)

1.5 Discussion

In the context of abundant observational data, estimating ATE of exposure on out-
comes within a causal framework becomes essential. Controlling for confounding bias
arising from patient characteristics that influence both the exposure and the outcome
is crucial in achieving accurate estimates. In scenarios involving continuous treatment
settings, a shift from traditional propensity score weighting to the use of generalized
propensity scores is employed to enhance the precision of causal inference.

In this chapter, we employed the double weighting method to estimate the
average treatment effect of a continuous treatment on survival outcomes with cen-
sored observations. The double weighting methods utilized propensity score weights
to control the effect of confounding and censoring weights to address bias in estima-
tion resulting from right censoring. Based on the simulation results, we can assert
the significance of incorporating censoring weights when estimating treatment effects
for time-event outcomes. In this study, for obtaining propensity score weights, we
compared two methods: weights estimated by MLE and the CBGPS method. Our

conclusion is that the double weighting method with CBGPS performs the best, ex-
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hibiting the least bias, variance, and the smallest overall variability.

In this paper, we have assumed random censoring for estimating the censoring
weights for our proposed method. Our approach can be extended by using condi-
tional Kaplan Meier estimator for censoring weights in case of dependant censoring.

However, the detailed investigation will be carried out in our future work.
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CHAPTER 2
CAUSAL MEDIATION ANALYSIS WITH EXTENSION TO
SURVIVAL ANALYSIS AND HEALTH RACTAL DISPARITY
STUDIES

2.1 Introduction

In healthcare research, randomized control trials (RCTs) are commonly regarded as
the gold standard for establishing the causal effect of an exposure variable, denoted
as A, on the outcome, denoted as Y. In RCTs, eligible participants are randomly
assigned to either the treatment group or the control group. However, RCTs are
not always feasible, especially when race is the exposure variable. On the contrary,
observational studies are prevalent, and they have been utilized to investigate the
causal effect of exposure with appropriate adjustments for confounding variables. In
observational studies, the relationship between the exposure and the outcome is often
confounded by the variables X. It is crucial to consider the impact of these confound-
ing variables and eliminate their effect. Figure 2.1 (a) illustrates a directed acyclic
graph (DAG) of an RCT, where the treatment assignment of A is independent of
X, even though X may influence the outcome Y. Figure 2.1 (b) depicts a scenario
where the relationship between A and Y is confounded by X, with X being causally
associated with both A and Y. In medicine and healthcare research, more complex
pathways are often encountered. Mediation analysis aims to uncover the intricate

mechanisms underlying the relationship between an exposure variable (e.g., A) and
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(b)

S

(d)

Figure 2.1: Illustration of directed acyclic graph (DAGs) for various study designs:
(a) randomized control trials; (b) observational studies; (c¢) simple mediation model;
and (d) a mediation model with confounding variables.

an outcome variable (e.g., Y') through an intermediary variable referred to as a me-
diator (e.g., M), as depicted in Figure 2.1 (¢) (Baron and Kenny, 1986). Unlike the
typical estimation of the average treatment effect of exposure variable A on outcome
Y, a mediation model posits that A influences the mediator variable M, which sub-
sequently affects Y. Subsequent research has expanded the application of mediation
analysis within a causal framework, as depicted in Figure 2.1(d), representing a me-
diation model in the presence of confounding variables X. Analyzing this pathway
often provides a deeper understanding of the causal chain in complex systems. Me-
diation analysis decomposes the treatment effect into the mediation effect and the
direct effect, where direct effect measures the effect of exposure A on outcome Y
directly while indirect effect captures the effect of A on Y through mediator M. The
mediator variable explains the mechanism of the relationship between the exposure
and outcome variables (MacKinnon et al., 2007; Pearl, 2001).

Mediation analysis, initially introduced by Baron and Kenny (1986), has be-

come an active research area with various methodologies and applications proposed.
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For instance, VanderWeele and Vansteelandt (2009) utilized an outcome model in-
corporating interaction terms between the mediator and exposure, as depicted in
Figure 2.2(a). This approach has been further extended to scenarios involving mul-
tiple mediators and interactions (VanderWeele, 2015). Additionally, these scenarios
encompass situations where multiple mediators may operate either in parallel or in a
sequential order. Figure 2.2(b) illustrates a causal mediation graph with two parallel
mediators. To analyze the intricate relationships of the mediated pathways along with
interactions between the mediator and exposure, the two-way decomposition has been
extended to a more comprehensive 4-way decomposition (VanderWeele, 2014). This
advanced decomposition of effects from the mediation model with multiple mediators
facilitates the identification of the individual effect of each mediator and each of their
interactions with the exposure. Thus, in the context of complex causal relationships,
researchers can analyze the causal pathways and evaluate the specific contribution
of each component. In this chapter, we will expand the scope of mediation analysis
to encompass survival analyses and delve into its application in the context of racial
disparity studies.

While mediation analysis has found applications in various research domains,
it has been particularly prevalent in investigating racial disparities in healthcare, ed-
ucation, and medicine. When applied to the context of structural racism, mediation
analysis serves as a valuable tool for researchers to explore how societal and insti-
tutional factors, rooted in historical and systemic biases, contribute to disparities
among racial or ethnic groups. According to the Institute of Medicine’s (IOM) defi-
nition (Nelson, 2002), healthcare disparities related to race and ethnicity are deemed
unjustifiable when they result from factors other than clinical need and patient pref-
erences. Differences in healthcare access and use based on age, gender, health status,
and patient choices are considered acceptable. However, any other sources of differ-

ences, including those influenced by a patient’s socioeconomic status and other social
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(a) (b)

Figure 2.2: Illustration of mediation models with interaction of exposure and media-
tor: (a) one mediator and (b) multiple mediators

determinants of health, as well as inequalities in the functioning of the healthcare
system caused by systemic racism, are regarded as unjust. In observational studies
aimed at assessing health disparities, researchers often use regression models to esti-
mate the effect of race. However, it is crucial to recognize that multiple factors can
contribute to these disparities. Consequently, researchers are interested in identifying
the key drivers of racial discrimination among groups—factors that can potentially
be addressed through targeted interventions.

We structure the remainder of our project as follows. In Section 2.2, we pro-
vide detailed insights into expressing the total effect of the exposure on the outcome
in individual effects along the pathways of multiple mediators and discuss its inter-
pretation within a causal framework. In Section 2.3, we extend the mediation effect
to survival outcomes, demonstrating that the IOM-defined disparity can be articu-
lated in terms of the 4-way decomposition effects derived from the mediation model
analysis. Section 2.4 is dedicated to extensive simulation studies designed to examine
estimation accuracy. In Section 2.5, we conduct a case study to explore the factors
influencing health racial disparity based on the NHANES III database. The final

section is reserved for discussion and conclusion.
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2.2 General framework for mediation analysis

Let us denote (A, M,X,Y’) as the random variables involved in a mediation model,
let A denote as the exposure of interest, Y the outcome of interest, M the mediator,

and X confounding variables which impact all other three variables A, M, and Y.

2.2.1 Potential outcomes and basic assumptions

We start with the simple mediation model (refer to Figure 2.1 panel c¢), and we then
proceed to elaborate the cases with confounding variables (refer to Figure 2.1 panel
d) and multiple mediators (refer to Figure 2.2). For the simple mediation model, to
compare between two exposure levels of A, say a and a*, we denote the potential
mediator M under exposure levels a and a* as M(a) and M (a*), respectively. The
potential outcome, given that A and M are set to a and m, is defined as Y (a,m).
Y (a, M(a*)) is the potential outcome when the exposure is set at level a and the
mediator is set at the level of M (a*).

In mediation analysis, researchers often make the consistency and composition
assumptions (VanderWeele and Vansteelandt, 2009). The consistency assumption
states that the observed outcome Y is equal to the potential outcome of Y (a) and the
observed mediator M is equal to the potential mediator of M (a) when the exposure
A takes value of a . The composition assumption states that the potential outcome
Y (a) equals to the potential outcome Y (a, M(a)) where the exposure A is set to
a and mediator is set at the value M(a). Under the consistency and composition
assumptions (VanderWeele and Vansteelandt, 2009), the causal effect, E{Y (a) —
Y (a*)}, which is also referred as the total effect of A on Y, can be decomposed in two

components as natural direct effect (NDE) and natural indirect effect (NIE). That is,

39



(2.1)
Here NDE = E[Y (a, M (a*)) — Y (a*, M (a*))], which captures the direct causal effect
of A onY with the mediator fixed at the value of M(a*). NIE = E[Y (a, M(a)) —
Y (a, M(a*))], which captures the indirect causal effect through the mediator M as
mediator changes from level of M(a) to M(a*). Generalising to finite number of
mediators M = (My,---, Mg),Q € R, the identification of direct effects and indirect
effects require the following four assumptions (VanderWeele and Vansteelandt, 2009;

Gao et al., 2022):
(1) There is no unmeasured exposure-outcome confounding

Y(a,mi,...,mg) 1L A | X;

(2) There is no unmeasured mediator-outcome confounding

Y(a,my,...,mg) 1L M, | (A, X);

(3) There is no unmeasured exposure-mediator confounding
M,(a) 1L A| X,

(4) There is no unmeasured mediator-outcome confounding influenced by exposure

Y(a,mq,...,mqg) 1L M,(a") | X.

2.2.2  Four fold decomposition of total effect

Considering the interaction between exposure and mediation, which can influence the
outcome as illustrated in Figure 2.2 Panel (a), the total causal effect is dissected into

three components. The NIE is further decomposed into mediated interaction effect
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(INT,eq) and pure indirect effect (PIE). That is,

(2.2)

Here, the second term in Equation (2.2) is denoted as I NT,,.q, signifying its role in
capturing the interaction between the mediator and the exposure. This term precisely
reflects the difference in direct effects when the mediator is held at M (a) compared
to M(a*). To understand the complex relationships in the mediation pathways with
interaction, VanderWeele (2014) has decomposed the total effect of A on Y into
4 components, where the first term in (2.2), namely, NDF is further decomposed
into two components as the controlled direct effect (CDE) and interaction effect at
reference level of mediator (/N7,.r). That is,
E[Y (a) =Y (a®)] =E[Y (a,m*) = Y (a”,m")]

+ E[(Y(a, M(a*)) = Y(a*, M (a"))) — (Y(a,m*) = Y(a*,m"))]

+ E[Y(a, M(a)) = Y (a*, M(a)) = Y (a, M(a*)) + Y (a*, M(a"))]

+ E[Y(a*,M(a)) =Y (a*, M(a¥))].

(2.3)

Here m* is a fixed value for M. CDE represents the direct effect of the exposure
when M is fixed at the value m*. INT,.f(m*) quantifies the variation in the direct
effect of A on Y as M transitions from M (a*) to m* while INT,,., illustrates the
change in the direct effects of A on Y as M shifts from M (a) to M (a*). PIE captures
the impact of A on Y through M, where M undergoes a change from M (a*) to
M (a). In lieu of concentrating solely on the overall influence of the mediator on
the pathway from exposure to outcome, a four-way decomposition proves essential in

elucidating the causal relationships inherent in the individual components through
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which A influences Y. Note that the interaction effects can be expressed as:

INT, =Y [Y(a, m) — Y (a*,m) — Y (a,m*) + Y (a, m*)} [(M(a*) = m)

m

INTpeq = Y _ [Y(a,m) = Y(a*,m)] [I(M(a) = m) — I(M(a") = m)].

The additive interaction term, [Y(a, m)—Y(a*,m)—Y(a,m*)—i—Y(a*,m*)] = [(Y(a,m)—
Y(a*,m")) —{(Y(a,m*) =Y (a*,m*)) + (Y (a*,m) — Y (a*, m*))}] , indicates that the
difference between Y (a, m) and Y (a*, m*) is different from the sum of the controlled
direct effect at m* and the indirect effect with M changing from m* to m. In other
words, INT,.s exists if M is set to M (a*) and INT,,.q exists if M varies for different
levels of exposure.

In case of multiple parallel mediators M, the total effect of A on Y can also
be decomposed into four components. The interaction effects capture the interaction
between the exposure and all the mediators and the pure indirect effect captures
the effect solely due to the mediators. For simpler notation, we illustrate the de-
composition by considering two mediators M = (Mj, Ms) but note that this can be
generalized for more than 2 mediators. The total effect of exposure on the outcome,

including the interaction effect with two mediators, can be written as:
TE = CDE(m},m3) + INT,cpan, m,(m7, m5) + INTeaans, v, + PIEy v,.  (2.4)
The total effect and all the components are defined as follows:
TE =Y(a)—Y(a") =Y(a, Mq(a), M3(a)) — Y (a*, My(a"), My(a")),

CDE<mT7 TTL;) = E[Y(CL, mT7 m;) - Y(CL*, mia m;)} )

INTT@fAMlMQ (m; m;) =F [Y(av M,y (a*)v M2(a*)) - Y<a*a M, (a*)a MQ(G*))

= (Y(a,mi,m3) = Y(a*,mi, m5))],
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INT eaans; v, =E[Y (a, My (a), Ma(a)) — Y (a*, Mi(a), Ma(a))

- (Y(a’7 Ml(a*)v M2(a*)) - Y(a*’ Ml(a*)’ MQ(G*)))} )
and
PIEy,u, =E[Y (a*, Mi(a), Ma(a)) — Y (a*, My(a®), Ma(a®))].

Here m] and mj are the fixed values for M; and M, respectively.

2.2.3 Four-way decomposition under linear models

For a continuous outcome Y, binary exposure A, and a single continuous mediator M,
we assume that the relationship between (X, A, M,Y") follows the linear regression

models and can be expressed as:

EMA=a,X=x| = [+ fia+B'x, (2.5)

EY[A=a,M =m,X=x] = 0+ 01a+ 0ym+ Osam + 04'x. (2.6)

Under the four causal assumptions, the decomposed effects of A on Y can be estimated

by deriving the expected values of the four components defined in (2.3):

E[CDE|x](m*) = (01 +60sm")(a—a"), (2.7)
E[INT,c¢|x|(m*) = 63(8o + fra”* + fo'x —m*)(a — a¥),
E[INTpedx] = 0361(a—a*)?,

E[PIElx] = (0261 +03p1a")(a —a”).

From the four equations in (2.7), we can obtain the proportion attributed to each
effect to evaluate the contribution of different pathways for the causal relation of
A, M and Y. If we set m* = 0, then E[CDE|x|(m*) and E[INT,.s|x](m*) are
obtained as 6;(a — a*) and 63(5y + Sr1a* + B2'x)(a — a*) respectively. We can obtain
E[TE|x] by taking sum of all the 4 effects. The proportions attributed to CDE,

INT, s, INT,q and PIE can be obtained from the four ratios Eg([’;%?], E[;][VT%]EH,

43



E[INTyeq] o 4 E[PIE]

wrE - And FEgr respectively. The standard errors (SE) and confidence intervals

(CI) for the four components and their attributable proportions can be obtained using
the delta method, as demonstrated in VanderWeele and Vansteelandt (2009), or by
employing the bootstrap method. This involves drawing numerous bootstrap samples
from the observed data.

In case of multiple continuous mediators M = (M, My, ... Mg), which are
not causally ordered instead are parallel, as shown in Figure 2.2 (b), we assume the

relationship between X, A, M, and Y are given by the following equations:
EMy|A=a,X=x%x] = fog+ figa+ fyx forg=1,---,Q (2.8)
E[Y’A = a, M = m,X = X] = 90 -+ 01& + (921m1 + -+ 92QmQ -+ (29)
931am1 + -+ 93QamQ + (94/X.

Here m = (my,--- ,mgq). Following the definitions of the decomposed effects in (2.4),

the expected values can be obtained as:

E[CDE[x|(m], - ,mg) = (61+0z3m] + ...03qmg)(a —a”) (2.10)
Q
E[INTrepars . a,1x|(m7, ... ,mg) = Z 03q(Bog + Brga™ + Bag'x —mj)(a — a*)
q=1
Q
E[INTpedan, - Molx| = Z O34B14(a — a*)?
q=1
Q
E[PIEpy, .. mplx] = Y (02q + 03007)B1g(a — a®).
q=1

If the j'" mediator is binary, while keeping the set of regression models in (2.9) the
same for the outcome and all other mediators, the model for the j** mediator can be

formulated according to VanderWeele (2015) as:
logit[P(M; = 1|A = a,X)] = fo; + Bija + By;x.

Thus for the expected values of the decomposed effects in (2.10), the CDE would re-
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main the same, and all other mediation effects would be altered by modifying the term

involving the j** mediator in the equations: (1) the j* term in INT,, FAM; - Mg 18 Te-

!
exp(ﬁOj +,81j a* +62j X)
14-exp(Bo;+pP1ja* +:8;jx)

replace by 0s;¢(a—a*), and (3) the 5 term in PIEyy, . u, is replaced by (2;+63;a*)9,

. €$p(50j+61ja+5;jx) . el‘p(ﬂoj-l-ﬁlja*—‘rﬂ;jx) ..
where ¢ = - Feap(Bo+Brja+B,x) | 1+exp(Bog+Brsat+8,%) Similarly, the total effect of A

placed by 63; —m?](a—a*); (2) the j" term in INT eqnn, - nq, 18

on Y can be obtained by summing all the decomposed effects, and the proportion
attributed to each component can be further calculated by taking the ratio of the

estimated effect to the estimated total effect.

2.3 Extension to survival outcomes and health racial disparity

2.3.1 Extension to survival outcomes

Up to this point, we have focused on continuous outcome models for variable Y.
However, in healthcare research, time-to-event data, often used in survival analysis,
plays a crucial role. In this section, we extend the mediation analysis to survival
outcomes, where the outcome is a time-to-event variable. Time-to-event outcomes
are frequently subject to right censoring, occurring when the event of interest does
not happen within the designated study period or when subjects are prematurely
dropped from the study.

Existing literature on causal mediation analysis with time-to-event outcomes,
including various survival models, has been established (VanderWeele, 2011; Lapointe-
Shaw et al., 2018). In survival analysis, Cox proportional hazard (Cox PH) models
are commonly used as semi-parametric models. However, applying the Cox PH model
in mediation analysis can be challenging, given its assumption that the hazard ratio
remains constant over time (VanderWeele, 2011). The interpretation of hazard ra-
tios for indirect effects in mediation contexts can be complex and may not lend itself

to meaningful causal insights. On the other hand, utilizing the accelerated failure
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time (AFT) model for the outcome in mediation analysis offers advantages. AFT
models assume a linear relationship between the logarithm of survival time and the
covariates and confounding variables, making the interpretation of direct and indirect
effects more straightforward. Additionally, AFT models facilitate the incorporation
of exposure-mediator interaction terms. These models estimate parameters by maxi-
mizing the likelihood function, accounting for both observed and censored data (Wei,
1992). We extend the four-way decomposition to time-to-event data using the AFT
model.

The AFT outcome model, considering a single mediator and interaction be-

tween exposure and mediator, can be expressed as:
Y =log(T) = 0y + 01a + Oym + Ozam + 04'x. (2.11)

Taking the counterfactual time-to-event outcome in log scale, both the direct and
indirect effects remain consistent with those obtained for continuous outcomes. Thus,
the direct effect can be redefined as E[log(T(a, M (a*))) —log(T(a*, M (a*)))], and the
indirect effect as E[log(T(a, M (a)))—log(T (a, M (a*)))]. The four-way decomposition
can be similarly conducted, and the estimated decomposed effects will be the same as
those obtained for continuous outcomes in (2.7). The extension to multiple mediators

follows a similar approach.

2.3.2 Extension to health racial disparity study

In public health research, the exploration of racial disparities emerges as a substan-
tial yet intricate issue, involving the analysis of divergent outcomes or opportunities
among racial groups, particularly between black and white populations. The defi-
nition and measurement of racial disparity encompass various perspectives, with a
critical consideration being whether adjustments should be made for associated fac-

tors such as socioeconomic status, education, or healthcare access. In accordance with
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the Institute of Medicine’s (IOM) definition as outlined by (Nelson, 2002), racial dis-
parity is measured by the outcome differences between racial groups influenced by
intervening factors (designated as M;), including socioeconomic status, health cov-
erage, and other social determinants of health. Non-intervening factors (referred to
as My), such as sex, age, and other specific health details of patients, are not con-
sidered in this definition. Adhering to the IOM’s definition of disparity, our focus
is specifically on addressing the mediating effect of intervening variables (M;) with
room for improvement. Our approach involves the use of joint regression models for
both the outcome and mediators, yielding a comprehensive four-fold decomposition
of effects. These effects include the controlled direct effect, interaction at reference
effect, mediated interaction effect, and pure indirect effect.

In an alternative methodology, Clemans-Cope et al. (2023) employs the Kitagawa-
Blinder-Oaxaca (KBO) decomposition approach (Blinder, 1973) to estimate the IOM
disparity between black and white racial groups. This approach involves the utiliza-
tion of two group-specific models: one for the black population and another for the
white population. To assess the comparison between the black and white racial groups
while considering the influence of two mediators, the two group-specific models are

expressed as follows:
Y = "o+ v2BMi +v38Ma + €, (2.12)
Yw = yow +vewMi + yswMa + €.

The group-specific models for the outcome aid in detecting disparities when measuring
the difference between two groups, especially when one group is at a disadvantage
compared to the other (Blinder, 1973), such as comparing black and white groups.

The IOM is defined using the following terms:
(1) Total difference = Yz — Yiy;

(2) Difference due to coefficients = (Yo — Yow) * My + (V38 — Yaw) * Mow;
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(3) Difference due to the interaction between covariates and coefficients
= (2B — Yow) * (Myp — Myw) + (v38 — Yaw) * (Map — Moy );

(4) Difference due to My = Yoy (M1 — My ), and

difference due to My = yaw (Map — May).

The IOM disparity is defined as the total difference in (1) minus the difference due
to My in (4). The IOM disparity is equal to the summation of the difference due
to coefficients in (2), the difference due to the interaction between covariates and
coefficients in (3), and the difference due to M. In the following, we demonstrate that
the various terms in the IOM disparity definition can be connected to the mediation
models and four-way decomposition.

Let’s consider race as the binary exposure variable, with a = 1 for the black
population and 0 for the white population. Let’s assume we have two parallel media-
tors, M and M,, without considering the confounders X. In the mediation analyses,

we consider the following outcome model:
E[Y|A = a, My = mq, My = my] = 0y + 01a + O1ymq + Oams + Os1amyq + - - - + O30ama,
and the mediation models:

E[M,|A = a] = fog + figa for ¢g=1,2.

The total difference in the IOM disparity definition is equivalent to the total effect in

the mediation model. Based on the models for mediators, we have
Bor = Myy = E[My|A = 0], B11 = My — M,y = E[M;|A = 1]— E[M,|A = 0] for M,
Boz = Maw = E[M,|A = 0], B1o = My — Moy = E[My|A = 1]— E[M,|A = 0] for M,.

Comparing with the outcome model in the mediation analysis with the two group

specific models, we have

0o = Yow, 0o + 01 = YoB, 021 = Yaw, 021 + 031 = V2B, 022 = 3w, O22 + O32 = Y3B.
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Thus, the four decomposition effects defined in (2.10) can be expressed in terms of

coefficients from the group-specific models:

CDE(m},m5) = by +0s3m] +bsom3 = (Yo —Yow) + (Y — Yow )M + (V38 — Yaw ) m3,

Intrepans m2(mi, my) =031 (801 — my) + O32(Bo2 — m3)

=(v25 — Yaw) * (Miy — my) + (va5 — Yaw) * (May — m3),
Intpeqan 2 = 0318114032812 = (723—72W)*(MlB—le)+(73B—73W)*(M23—M2W)7

PIEwy v, = 021511 + 022512 = Yow (Mg — Myy) + vaw (Mag — Mayy).

Henceforth, we can clearly see Int,cqan,me is equivalent to the difference due to
interaction between mediators and coefficients while PIF,; 5, can be expressed as
the sum of the mediation effects due to M; and M,. As a special case, by fixing
mj and mj to 0, we can see that Int,.ram, me is equivalent to the difference due to
coefficients from the IOM definition. If we take values of mj and mj as the mean of
control group of white, i.e., m} = M,y and mh = Moy, then Int,eran, m2 becomes 0

and C'DFE is obtained as the sum of v9p — Yow and the difference due to coefficients.

2.4 Simulation studies

To assess the estimation of decomposition effects in mediation analysis we conducted
a simulation study using 1000 Monte Carlo simulations. We compare the results
across various configurations of mediators and outcomes. In the first setting we
present the results obtained by considering a single continuous mediator in the joint
mediation model. Subsequently in second setting, we extended the mediation model
to incorporate multiple mediators, both continuous and binary. Additionally, we
demonstrated the decomposition effects within the context of survival outcomes.

For each setting, we considered two distinct scenarios for the variation in the
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exposure levels. In the first scenario, we evenly distribute 50% to each exposure level
and in the second scenario we allocate 35% to the exposed group setting as later
for our case study we have classified the Black race as the exposure group which
is in minority. We have further compared the direct effects and the interaction at
reference level for two settings of m*, one by fixing it to 0 and another by setting it as
E[M[A = 0]]. For comparison, we have obtained the standard error of the estimates
and confidence interval both by Delta method and bootstrap method.

For each setting of mediators and outcome, we generate a set of independent
covariates X € RP p = 3, say with X ~ N(0, I') which impacts the exposure A, medi-
ators M and Y. The binary exposure A was generated from the logistic model with
pa = % where § = (dp,1,1,1). dp was varied as 0 and —0.85 to adhere to the
two exposure group settings of 50% and 35% respectively. Then we generate media-

tors and outcome as per our different settings. The sample size for each simulation

setting was set to n = 1000.

2.4.1 Simulation Settings

In the first setting we have considered a setting with single continuous mediator. We
generate M being linearly associated with A and X and Y being linearly dependant

on A, M and X as given in the models:

M = By+BA+ BX + e, (2.13)

Y = O+ 61 A+ 0,M +05AM + 0, X + ey, (2.14)

where By = 0,61 = 1,0 = (0.2,0.4,0.6),6p = 0, = 1,00 = 0.5,03 = 0.4,04 =
(0.5,1,1.5),ey UL ey ~ N(0,1).

We have obtained the estimated parameters by fitting the linear models on outcome Y’
and mediator M separately and from there we obtain the four estimated decomposed

effects and the estimated total effect from the equations in (2.7). We calculate the
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proportion attributed to the total effect by each decomposed effect taking the ratio
of each effect and the total effect.

For multiple mediators scenario we have set up the second setting with three
mediators. We independently generate two continuous mediators M; and M> and one
binary M3 and outcome Y from the linear models, with M; and M, being related to

X and A, Mj related to A only and Y being related to A, My, My, M3 and X:

My = o+ BuA+ ByX + e (2.15)

My = Bog+ BioA+ BppX + €y, (2.16)
logit(Ms) = fos + Pi3A, (2.17)
Y = 60y+ 0,A+ Oy My + 05 My + Oy3 M5 (2.18)

+ 931AM1 + 932AM2 + 933AM3 + 94/X + €y,

where By = 0.5, 511 = 0.2, fo1 = (0.1,0.2,0.3), Bo2 = 0, f12 = 0.4, faa = (0.2,0.4,0.6), Bo3 =
0.1, 613 = 0.6, and 6y = 01 = 1,051 = 0.5,099 = 033 = 0.3,037 = O30 = 033 = 0.4,6, =
(0.5,1,1.5). The error terms for the models for M;, M, and Y are generated from
N(0,1). The generated dataset can be expressed as D = (Y, A, My, My, M3, X).

To illustrate performance of the mediation model for a time-to-event outcome,
we generated survival time T from a lognormal distribution linked to the treatment A,
M and covariates X. The dataset was simulated within a generalized framework that
accounts for multiple mediators with the mediators being simulated under settings
analogous to our multi-mediator model with a continuous outcome. We generated

the survival time T from AFT model so that Y = log(T):

T = exp(Bo+ 01 A+ Oy My + Oy My + O3 M + O3y AM + 039 AMy + 055 AM 3+ 04 X +€y)

(2.19)
The parameters for the model are identical to those specified in the second setting.
To address about 15% right censoring in the data, the censoring time independent of

any other variables was obtained from the Gumbel distribution by log(C') = p.+ o€
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where p. = 4.8,0. = 3.6 and ¢, ~ Gumbel(0,1) Then the observed outcome is

generated by T' = min{7T, C}, and the censoring indicator, Status= 1{T < C'}.

2.4.2 Simulation results

In Figures 2.3, 2.4 and 2.5, we utilize boxplots to show the estimated proportion of
the total effect attributed to each of the decomposition effects across 1000 simulations
where each proportion was obtained by the ratio of the estimated decomposed effect
and the estimated total effect. Figure 2.3 focuses on the results with single mediator
in the model while figure 2.4 extends the results to cases with multiple mediators.
Figure 2.5 further explores parameter settings for three mediators within the context
of a time-to-event outcome. Each figure employs a 2x2 panel format to compare
four distinct scenarios. Row-wise, the first row of panels demonstrates proportion
attributions when the exposure group constitutes a minority, accounting for 35% of
the total sample. The second row illustrates cases where both the exposed and control
groups are equally distributed. The first column showcases how the effects vary when
m™* is fixed at 0. In contrast, the second column depicts results when m* depends on
exposure at control group. In Figure 2.4 and Figure 2.5, the estimated proportion
attributed by the interaction and the mediated effects due to three mediators are
shown together.

From the three figures, it is evident if the value of m* is held constant at 0, the
contribution of the decomposed effects to the total effect remains consistent across
different distributions of the exposure group. However, when m* depends on the
mean value of M taken at control group of exposure, variations in the proportion at-
tributable to CDE and INT,.s are observed. However, there is no significant change
in the the mediated effects of INT},.q and PIE. With single mediator in the model,
there is more proportion attributed by CDFE to TE when m* is fixed at 0 compared

to when mstar is varied whereas with multiple mediators in the model it is the oppo-
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site. The thick horizontal line in each boxplot represents the proportion attribution
from the true effects obtained from the true potential outcomes implicating minimal
deviation from the estimated results. This suggests robustness and reliability in the
estimation process, reinforcing the validity of the mediation analysis under varying
conditions and parameter settings.

Through Figures 2.6, 2.7 and 2.8 we compare the performance of SE estimation
obtained through bootstrap sampling procedure and the Delta method across different
settings of mediators and outcomes in the model. The red line represents the ratio
of the mean SE by bootstrap method and and Empirical SD for decomposed effects,
while the blue line depicts the corresponding ratio for SE by Delta method. We
clearly see for the decomposed effects in different settings, the ratio of SE by the
bootstrap method to the empirical SD tends to converge to unity compared to the
corresponding ratio obtained by the Delta method. This observation suggests that
despite the computational intensity associated with the bootstrap procedure, it yields

greater accuracy in variance estimation compared to the Delta method.

2.5 Case study: racial disparity on all-cause mortality in the United

States based on NHANES III dataset

Although there have been a significant decline is US morality rates over the decade
due to the advancement of medical science and technologies, persistence of racial dis-
parities in Black-white mortality rates remains a pressing concern (Benjamins et al.,
2021). Recent research indicates that black population experience higher age adjusted
death rate in comparison to the White population in the United States of America
(USA) (Haines, 2003). This kind of disparity in race is often attributed to the decades
of various aspects of socioeconomic differences. By analyzing the mediated pathways

and estimating the effects of these socioeconomic factors, our goal is to identify the
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specific socioeconomic factors contributing to the structural racism that influences
these elevated mortality rates. For our study, we have considered the third National
Health and Nutrition Examination Survey (NHANES III), conducted from 1988-1994
in two phases. The 6 year survey represents the nationwide population with an overall
black and white population in the USA . We are specifically interested in comparing
the two racial groups (black versus white), thus we have restricted our data to the
participants from black and white population only. For mortality information, we
have used Linked Mortality Files (LMF) by the National Center for Health Statistics
(NCHS) which have been followed up till December 31, 2019.

In our analysis, we have considered participants within the age range of 50 —70
years at the time of interview for the survey and excluded patients who had accidental
death records. As we are primarily focused on explaining the racial disparity between
black and white population, we included participants from these two races only in our
study. The study cohort for our analysis include 2640 participants with 1768 white
and 872 black accounting to 33% of the minority group. At the end of the study 1840
participants died and 800 were still alive leading to 30% censoring. Within the black
population the mortality rate was 73.8% which is higher than the white population
with 67.6% morality rate.

We have identified a set of intervening mediators as health insurance coverage,
poverty income ratio (PIR) and education. Health insurance coverage was determined
through participant reports of having any insurance during the last month of the in-
terview, including Medicare/Medicaid or private. We note that approximately 5% of
the white population did not have insurance coverage, whereas this percentage was
about 10% in the black population. PIR was determined by evaluating the family
income in relation to the poverty threshold, adjusted for both family size and the
annual inflation status. Average PIR among the white population was 3.58 while

that among black population was 2.1. Education was categorized into two levels as
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“till high school”, and “College or high”. Education and PIR reflect the socioeco-
nomic status of the participant. The data revealed that the proportion of participants
without college education was considerably higher among the black population com-
pared to the white population. Age, gender, metro area residence, physical exercise,
smoking, and alcohol consumption, along with comorbidities such as cancer, stroke,
cardiovascular disease, and diabetes are considered as the set of non-intervenable me-
diators. A participant’s exercise level were quantified by aggregating the frequency
of any physical activity undertaken and expressing it as “times per month”. Smoking
history among participants was marked as “Yes” based on if they had smoked more
than 100+ cigarettes in their lifetime or smoking at the time of the survey and “No”
if they had not smoked more than 100+ cigarettes in their life time. Participants’
were identified with history of alcohol consumption if they had consumed at least 12
alcoholic drinks in their lifetime or in the last 12 months. A participant was identi-
fied as having diabetes based on self-report during the interview or having glycated
hemoglobin > 6.5% or plasma glucose > 125 mg/dL. Participants were identified
with a history of heart disease if they reported a past heart attack or had conges-
tive heart failure. Similarly history of cancer and stroke were recorded based on the
self-reports of the participants. The continuous mediators PIR, BMI, age and exer-
cise were standardized. We conducted the joint regression model including all the
mediators with AFT outcome model to obtain the four decomposed effects and their
proportion attributions to the total effect due to race on the survival time in months in
log scale. We assumed the survival time follows a Weibull distribution. To assess the
effect of the mediators collectively, we multiplied negative one for some variables so
that all variables are positively related to survival time. For example, as age and BMI
are negatively associated with the time-to-death, we multiplied negative one for these
variables. For gender, male was considered at the reference level as they have shorter

time-to-death compared to females. As participants with history of any comorbidity,
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smoking or alcohol consumption had shorter survival time, positive occurrence were
taken as the reference. The fixed values of m* for each of the continuous mediators
were taken at the estimated mean among the white population and for each of the
binary mediators at the estimated proportion within the white population.

In Table 2.1, we present the estimated effects, its standard error, and its 95%
CI obtained by bootstrap method. When we consider both the interaction effects,
the combined influence of mediators and race does not exhibit a statistically signifi-
cant effect on mortality. But the PIEs for both sets of mediators are significant, we
conclude that the mediators alone have a significant negative impact on the time to
death. The IOM score implies that there is racial disparity on all-cause mortality in

the USA.

2.6 Conclusion and discussion

In this project we have illustrated the mediation analysis with parallel multiple me-
diators within causal framework considering the interaction between the mediation
and exposure. The four-way decomposition of the total effect of exposure on outcome
helps us to identify the complex pathways of mediation as it accounts for the indi-
vidual effects due to neither mediation nor interaction, to just interaction between
exposure and mediator, to both mediation and interaction, and to just mediation.
We were able to illustrate that the four way decomposition method can be extended
to survival outcome. From the findings of our case study we are able to establish
the importance of considering direct, indirect as well as the interaction pathways in
understanding the complex relationships between race, mediators, and mortality in
the population under study. As the future aspect of our work, we intend to include
mediators with multiple categories and consider continuous treatment for mediation

model.

62



(€070~ ‘'891°0-) (16070~ ‘99T°0-) (600~ 29T°0- ) €00 601°0- Ajredsip jwoOr
( %00°0- ‘¥80°0- ) (80070~ “880°0-) (9000~ ‘¢80°0- ) z0°0 9%0°0- N [d
(€00~ ‘66070~ ) ( 6%0°0- ‘860°0-) ( €0°0- ‘660°0- ) €100 7200~ NI d
(192070 ‘€10°0-) (9L0°0 ‘€100-)  (GL0°0 ‘€10°0- ) €z0°0 2€0°0 PP NT T
(9€0°0 ‘2L0°0-) (18200 ‘980°0- ) (9€0°0 ‘80°0- ) €00 Gz0°0- TP AT T

(8L%°0 ‘60°0- ) (87°0°880°0-) (8970 ‘€80°0- ) P10 G61°0 NN T
(169070 ‘8€C°0-) (7900 ‘e¥¢0-) (19070 ‘T€S°0-) IGT°0 LET 0~ AdD
(o1sed) 1D % G6  ([uad19d) 1D % G6  (IBWLION) 1D % G6 101 PIS 9wy

owIL], £}I[RIIO]N UO 20} JOo I, Jo uorysodwosa( 1°g 9[qelL

63



REFERENCES

Andersen, P. K., Syriopoulou, E., and Parner, E. T. (2017). Causal inference in
survival analysis using pseudo-observations. Statistics in medicine, 36(17):2669—

2681.

Ara, A., Usmani, J. A., et al. (2015). Lead toxicity: a review. Interdisciplinary
toxicology, 8(2):55-64.

Austin, P. C. (2010). Absolute risk reductions and numbers needed to treat can be
obtained from adjusted survival models for time-to-event outcomes. Journal of

clinical epidemiology, 63(1):46-55.

Austin, P. C. (2018). Assessing the performance of the generalized propensity score for
estimating the effect of quantitative or continuous exposures on binary outcomes.

Statistics in medicine, 37(11):1874-1894.

Baron, R. M. and Kenny, D. A. (1986). The moderator-mediator variable distinction
in social psychological research: Conceptual, strategic, and statistical considera-

tions. Journal of personality and social psychology, 51(6):1173.

Benjamins, M. R., Silva, A., Saiyed, N. S., and De Maio, F. G. (2021). Comparison of
all-cause mortality rates and inequities between black and white populations across

the 30 most populous us cities. JAMA network open, 4(1):¢2032086—e2032086.

Blinder, A. S. (1973). Wage discrimination: reduced form and structural estimates.

Journal of Human resources, pages 436-455.

64



Brown, D. W., Greene, T. J., Swartz, M. D., Wilkinson, A. V., and DeSantis, S. M.
(2021). Propensity score stratification methods for continuous treatments. Statistics

in medicine, 40(5):1189-1203.

Cain, L. E. and Cole, S. R. (2009). Inverse probability-of-censoring weights for the
correction of time-varying noncompliance in the effect of randomized highly active
antiretroviral therapy on incident aids or death. Statistics in medicine, 28(12):1725~

1738.

Chen, X., Linton, O., and Van Keilegom, I. (2003). Estimation of semiparametric

models when the criterion function is not smooth. Econometrica, 71(5):1591-1608.

Clemans-Cope, L., Garrett, A. B., and McMorrow, S. (2023). How should we measure
and interpret racial and ethnic disparities in health care?  Awvailable at SSRN

437657,

Cole, S. R. and Herndn, M. A. (2008). Constructing inverse probability weights for

marginal structural models. American journal of epidemiology, 168(6):656—-664.

Coresh, J., Selvin, E., Stevens, L. A., Manzi, J., Kusek, J. W., Eggers, P., Van Lente,
F., and Levey, A. S. (2007). Prevalence of chronic kidney disease in the united
states. Jama, 298(17):2038-2047.

Dabrowska, D. M. (1989). Uniform consistency of the kernel conditional kaplan-meier

estimate. The Annals of Statistics, pages 1157-1167.

Data, N. (1988-1994). Centers for disease control and prevention (cdc). national center
for health statistics (nchs). national health and nutrition examination survey data.
hyattsville, md: U.s. department of health and human services, centers for disease

control and prevention.

65



Fong, C., Hazlett, C., and Imai, K. (2018). Covariate balancing propensity score for a
continuous treatment: Application to the efficacy of political advertisements. The

Annals of Applied Statistics, 12(1):156-177.

Fong, C., Ratkovic, M., and Imai, K. (2021). CBPS: Covariate Balancing Propensity

Score. R package version (.22.

Gao, X., Li, L., and Luo, L. (2022). Decomposition of the total effect for two media-
tors: A natural mediated interaction effect framework. Journal of causal inference,

10(1):18-44.

Gonzalez-Manteiga, W. and Cadarso-Suarez, C. (1994). Asymptotic properties of
a generalized kaplan-meier estimator with some applications. Communications in

Statistics-Theory and Methods, 4(1):65-78.

Hade, E. M. and Lu, B. (2014). Bias associated with using the estimated propensity

score as a regression covariate. Statistics in medicine, 33(1):74-87.

Haines, M. R. (2003). Ethnic differences in demographic behavior in the united states
has there been convergence? Historical Methods: A Journal of Quantitative and

Interdisciplinary History, 36(4):157-195.

Hirano, K. and Imbens, G. W. (2004). The propensity score with continuous treat-
ments. Applied Bayesian modeling and causal inference from incomplete-data per-

spectives, 226164:73-84.

Imai, K. and Ratkovic, M. (2014). Covariate balancing propensity score. Journal of
the Royal Statistical Society: Series B (Statistical Methodology), 76(1):243-263.

Imai, K. and Van Dyk, D. A. (2004). Causal inference with general treatment regimes:
Generalizing the propensity score. Journal of the American Statistical Association,

09(467):854-866.

66



Imbens, G. W. (2000). The role of the propensity score in estimating dose-response
functions. Biometrika, 87(3):706-710.

Lapointe-Shaw, L., Bouck, Z., Howell, N. A., Lange, T., Orchanian-Cheff, A., Austin,
P. C., Ivers, N. M., Redelmeier, D. A., and Bell, C. M. (2018). Mediation analysis
with a time-to-event outcome: a review of use and reporting in healthcare research.

BMC medical research methodology, 18(1):1-12.

Le Cam, L. (1990). Maximum likelihood: an introduction. International Statistical

Review/Revue Internationale de Statistique, pages 153—171.

Lo, S.-H. and Singh, K. (1986). The product-limit estimator and the bootstrap: some

asymptotic representations. Probability Theory and Related Fields, 71(3):455-465.

Lunceford, J. K. and Davidian, M. (2004). Stratification and weighting via the propen-
sity score in estimation of causal treatment effects: a comparative study. Statistics

in medicine, 23(19):2937-2960.

MacKinnon, D. P.; Fairchild, A. J., and Fritz, M. S. (2007). Mediation analysis.
Annu. Rev. Psychol., 58:593-614.

Nelson, A. (2002). Unequal treatment: confronting racial and ethnic disparities in

health care. Journal of the national medical association, 94(8):666.

Pearl, J. (2001). Direct and indirect effects. In Proceedings of the Seventeenth Confer-
ence on Uncertainty in Artificial Intelligence, UAT’'01, page 411-420, San Francisco,
CA, USA. Morgan Kaufmann Publishers Inc.

Pirkle, J. L., Brody, D. J., Gunter, E. W., Kramer, R. A., Paschal, D. C., Flegal,
K. M., and Matte, T. D. (1994). The decline in blood lead levels in the united
states: the national health and nutrition examination surveys (nhanes). Jama,

272(4):284-291.

67



Robins, J., Herndn, M., and Brumback, B. (2000). Marginal structural models and

causal inference in epidemiology. Epidemiology, 11(5):550-560.

Robins, J. M. and Finkelstein, D. M. (2000). Correcting for noncompliance and
dependent censoring in an aids clinical trial with inverse probability of censoring

weighted (ipcw) log-rank tests. Biometrics, 56(3):779-788.

Rosenbaum, P. R. (1987). The role of a second control group in an observational

study. Statistical Science, 2(3):292-306.

Schober, S. E., Mirel, L. B., Graubard, B. 1., Brody, D. J., and Flegal, K. M. (2006).
Blood lead levels and death from all causes, cardiovascular disease, and cancer:
results from the nhanes iii mortality study. FEnvironmental health perspectives,

114(10):1538-1541.

Selvin, E., Manzi, J., Stevens, L. A., Van Lente, F., Lacher, D. A., Levey, A. S.,
and Coresh, J. (2007). Calibration of serum creatinine in the national health and
nutrition examination surveys (nhanes) 1988-1994, 1999-2004. American journal

of kidney diseases, 50(6):918-926.

Stute, W. (1995). The statistical analysis of kaplan-meier integrals. Lecture Notes-

Monograph Series, pages 231-254.

VanderWeele, T. (2015). Explanation in causal inference: methods for mediation and

interaction. Oxford University Press.

VanderWeele, T. J. (2011). Causal mediation analysis with survival data. Epidemi-
ology (Cambridge, Mass.), 22(4):582.

VanderWeele, T. J. (2014). A unification of mediation and interaction: a four-way

decomposition. Epidemiology (Cambridge, Mass.), 25(5):749.

68



VanderWeele, T. J. and Vansteelandt, S. (2009). Conceptual issues concerning medi-

ation, interventions and composition. Statistics and its Interface, 2(4):457-468.

Wei, L.-J. (1992). The accelerated failure time model: a useful alternative to the cox

regression model in survival analysis. Statistics in medicine, 11(14-15):1871-1879.

Xie, J. and Liu, C. (2005). Adjusted kaplan—meier estimator and log-rank test with
inverse probability of treatment weighting for survival data. Statistics in medicine,

24(20):3089-3110.

69



APPENDIX

This section includes proofs of theoretical properties for Chapter 1:

Let Apin and M.y denote the smallest and largest eigenvalues of E[ZZT], respectively.

We validate the marginal structure equation (1.7). Noting that 7' < C implies Y = Y,
HT < Clwy(4;X, &)

G(T) g ZH

= E [wy(4; X, ENZ(Y — 270")] = E [w,(A4; X, £)ZY] — E [w,(A; X, £)ZZ76"] .

dw,(A; X, €Y)

S ey

Z(Y — 70"

Z(Y — zTe*)} =F {E {

For the first item, let ) denote the support of Y(a),a € A,
Ewy(A; X, §7)2Y] = Efwy(A; X, €)ZE[Y]A, X]]

fala)
/Axx fA(a|x f)ZE[ (a)|x] dFax(a,x)

- [ [ i | [ v xS 00| el € oy

-/ / fa(ay(a)z [ / fy<a>,x<y<a>,x>dx] dy(a)da

- [ 1ata / v v@)dya)da = | fa@aB1Y()]do

= / fa(a)zz'0*da = E [ZZTO*] ,
A

where the second last equality follows from (1.6).

For the second item,

E [w,(4; X, g*)zzTe*} —E [ [wp(A X, £)227 0"

x|
-, [/ ek TGW“'X’W] fx(x)ds = | B[220 fx(x)do = B [2270°].

Thus, (1.6) is a valid marginal structure equation.
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Proof of Theorem 1.2.1: We prove the result by invoking Theorem 1 in Chen
et al. (2003) (hereafter CLK). Thus, we need to check their conditions (1.1) — (1.4)
and (1.5%).

We note that condition (1.3) is trivially satisfied. Because & = £* 4 O,(n~'/2)
and |G — G*||oe = O,((loglogn/n)"/?) (Stute, 1995), |h — h*||se = 0p(n""/*). Thus,
condition (1.4) in CLK holds. We thus only need to verify conditions (1.1), (1.2) and
(1.57).

To verify condition (1.1) in CLK, we want to show that || M, (0, h)|| = o,(n~/?),
that is, Yu > 0 lim, e P(v/n||Mn(0,h)| > u) = 0. Let E denote the event that

n~t S wi(h)Z,Z] s invertible.

P(v/nl|M,(8. )] > u)
= P (VA Mu(8, 1) > ulE) P(E)
< P (VallM. (8. ]| > u[E) PE)

Given E, 0 = (n=' S0 wi(h)ZZT )~ (n ' 320, w;(h)Z;Y;) and M, (0, k) = 0. Thus,

P <\/ﬁ||Mn(é,B)|| > u|E> P(E) = 0. (2.21)

Since [|h—h*||ee = 0,(1) and X' is a compact set in R?, sup, ¢ 4 xex [wp(a; X, £)—
wy(a;x, €)| = 0,(1) and SUDye (0,1 IG(t) — G(t)] = 0, As G(t) is bounded away from
0 by the regularity condition (C1), maxj<i<, |w;(h) — wi(h*)| = o0,(1), Therefore,

nT o wiZZT = 0T T wi(hZZ] 4 0p(1) = E [wi(h)ZiZ]] + 0p(1) =

E [Z;Z]] + 0,(1) by the strong law of large number. Then

lim P ( > Amm> = 0.
n—oo

Zwl )Z;Z] — E Z,Z]]
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If |n =t S0 wi(WZiZT — B [Z,Z]] || < Ain, then Vd € R? with ||d|| = 1,

—1sz MZ.Z! - E[Z;Z]] | d
g )

> ||E[2:2]]d| -

n! sz )Z,Z] d

> >\min - )\min = Oa
which implies that Z. Therefore,

. =c . -1 T 7T
ggop(u)ggrolop< Zwl )Z;Z] — E [Z,Z]]

> /\min) =0,  (222)
Combining (2.20), (2.21), and (2.22) together yields that Yu > 0,

lim P(v/n| My (8, h)|| > u) =0+ lim P(2°) =0.

n—00

Thus, condition (1.1) is satisfied.

To verify condition (1.2) in CLK, Vu > 0, it is easy to see that

inf || M(6,h*) — M(0*,h")|| = ||E[2Z"] (6 — 6")

[|0—6%||>u

Z )\minHO - O*H 2 )\minu-

Thus, condition (1.2) is satisfied.
By Condition (C1) and Remark 1.2.2, we have G(T') > 7/2, VG € G. Consider
|01 — 0] < u and ||h; — h||e < u, where 81,0 € ©, hy,h € H, and u = o(1).

m(D,01,hy) —m(D,0,h)

o eem Y 70~ s oA 70
- {fA(Aég,Ae(ﬁ)Gl(T) ~ A(S‘Q’(;)G(TJ Z(Y -7"6,)
fA(Aa\Q(g)G(T) ZZ' (6, - 6)
- [fA(A|¥:4§i)Gl( T) fA(AT}J;A(@éI< )} Z(Y —Z776,)

1

1 dwy(A; X, €)
G:(T)  G(T)

G(T)

+ 6w, (A; X, €) [ } Z(YY —7"6,) + 77" (6, —0)

= [1 +[2+[3
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We first consider I. As [|h1 — Al < u,

T IG1 = Gl% 2120 1. T 2 1. TooT
B[ L) < QW{(logL) E[w2(A;X,6)ZZ"] + E [w?(A; X, 6)22" 22 }
gz — U
< 6l|Gr = G2, (2.23)

for some constant ¢y, where the second inequality follows from Remark 1.2.2.

We next evaluate I3. By Remark 1.2.2 again,
4
E[I]L] < = (61— 0)' E[w(A;X,€6)ZZ"ZZ" (0, — 0)] < c3]|6: — 0%, (2.24)

for some constant cs.

We now assess I;. By (1.5) and the mean value theorem,

)

0 ST - .
- o7 [gemax 8| @ -0z -2)

where & = (BT, )" lies between &, and £ and its value depends on X and A. Noting

that X and Q are two compact sets in R¢, according to Remark 1.2.2,
E[I[L] <& €7, (2.25)

for some constant ¢;. Combining (2.23), (2.24), and (2.25) together yields Equation
(3.2) in CLK with r =2 and s; = 1.

Since € is a compact set in R? and |G — G*||.o < 7/2 by Remark 1.2.2,

the covering number condition (3.3) in CLK that [ \/log N(v,H, || - [|loc)dv < o0 is

satisfied, Therefore, by Theorem 3 in CLK, for all positive values u = o(1),

sup  ML(6,h) = M(6,h) — M, (6 B)| = 0p(n2).  (2.26)
10—0"[|<w,[|h—h*[loo <u
By the law of large number M, (0", h*) = 0,(1). Thus,
sup [ M (8, h) — M(8, h)|| = 0,(1).
10—0"[| <w,[|h—h*[loc <u

Condition (1.5) in CLK is satisfied.
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By Theorem 1 in CLK, 8 — 6* = 0p(1). This completes the proof of Theorem
1.2.1. 0
Proof of Theorem 1.2.2: We prove the result by invoking Theorem 2 in CLK.
Thus, we need to check their conditions (2.1) - (2.6).

In the proof of Theorem 1.2.1, we have already verified the conditions (2.4)
and (2.5).

To verify the condition (2.1), as @ is the solution of M,,(8, h) = 0, || M, (8, h)|| <
infgee || M, (0,1)|. As @ —, 6, Vu > 0, lim,,_,oo P(||@ — 6| > u) = 0. Since 0" is
an interior point of ®, we can find an ug such that ©,, C ©.

If |6 — 07| < ug, we obtain ||M, (0, h)|| > infece || M, (0, k)| and subsequently
M, (6, h)|| = infgee || M, (6, h)||. Thus, for any u > 0

lim P (\/ﬁ‘HMn(@, Wl = jnf [M.(8,2)]]] > u)
n—o00 0cO

< tin P (|13, 0]~ jug 130,00, 01| > 0) < i P16~ 6"] > uo) 0.
Thus, [[M,(6, )| = inface || Mn(6, 2| + 0p(n~"72).

To verify the condition (2.2), it is straightforward to obtain that T';(0,h*) =
E [w(D,h*)ZZT], which is continuous at 8 = 8*. In addition, I',(6*, h*) = E [ZZ]

is of full rank. Thus, condition (2.2) is satisfied.

74



To verify the condition (2.3), simple algebra yields that

(0, h)(hy — h) = lim

t—0 t
iy 44X €+ (& — €) [(G+H(G — G)(T)) ™ — wy(A; X, &) [G(T)] )
t—>0 t
x Z(Y — zTo)]
0w (A X E+ (€ — ) —w (A4 X, 6 ot
) hg% TR Z(Y - Z 9)}
+E |l dw,(A; X, €) {[(G + t(Glt— )T = [G(T)] }zo? B ZT@)]

-5 || w6 (€ - - zTe>]

E | G

G*(T)
By Condition (C1), V@ € ©, I'y(0, h*)(hy — h*) exists in all directions [h; — h*] € H.

(G —G)(T >]wp<A;x,s>z<?—zTe>} |

v(0,h) € O, x H,., with a positive sequence ¢, = o(1).
(1) we show || M(0,h) — M(0,h*) —T2(0,h*)(h — h*)|| < C|lh — h*||2%.

M(0,h) — M(0,h*) — To(0,h*)(h — h*)

5 U
—5{ G 04X, ~ A X )27 - 276) )

+E {5wp(A X, &%) [G(lT) — G*ETJ Z(Y — ZTO)} —T5(0,h)(h — h*).

By Taylor expansion and Remark 1.2.2,

{—T)[wpm X,€) — wy(A: X, €| 2(V zTe>}
0

&
[agprx,e*} € - s*>Z<fV—zT0>]

- |e{e- o mmuax.bie - e - 2o || < cule - i

1)



for some constant (.

B {6 | gy | 25 -7

- B [ 0 (G* = G)(T)wy(A:; X, €)Z(Y — ZT@)] H

J

_ HE (€ - O A X €27 - 276) H < OG- Gl

for some constant Cy. Combining the above two equations yields (i).

(ii) we show [|T2(8, h*)(h — h*) — To(0", h*)(h — h*)|| = o(ey).

IT2(0, h*)(h — h*) = Ta(07, h")(h — k7|

T
(A-XTB%)?) (A-XTB")X

A2 — eXp ( o* ) o*
<lefew (<5) [ NS e | €2 |10 el
exp (U580 (1 - U=

+HE{ : [(G*—G><T)]wp(A;X,§*)zzT}

16 — 6]

where the last equality follows from h € H,, and Condition (C1). Therefore, condition
(2.3) is satisfied.
To verify the condition (2.6), by Theorem 1 in Lo and Singh (1986) and Con-
dition (C3),
M, (6%, h*) + To(0" h*)(h — h*)

n

:n*l Z m(D7,7 0*, h*) + nfl Z 77(14,“ Xz) + n*l Zw(ﬂ’ 51) + Op(n73/4 10g3/4 n)’

i=1 =1 i=1

76



where

~ « 8 T u a fA Aqua )

w(TNi, 5;) = / wa(a;x, &)z(logt — ZTO*)dFTAX(t, a,x), (2.28)
TxAxX

G (1)
fols)ds T <n6,=0)

s)(1 — FT(s)>dS * (1 — Fp(T))G*(T})’

n(A, Xi) =E

N min(7;,t)
O
XX 0
and I(£*) =o"? :
0 2

As m(D;, 0%, h*) +n(A;, X;) + w(Ti, 9;) are independent random variables with mean
zero and finite variance. Let V denote the covariance matrix of (m(D;, 8% h*) +
n(A;, X))+ (T;,6;)). by the central limit theorem, \/_( (0, 1*) 4+ Ty (0", h*) (h — h*)) —
N(0,V). Thus, condition (2.6) is satisfied. By Theorem 2 in CLK,

Vi(VO = 6% =, N(0, (E[2Z7))"'V(E[2ZT])"!

This completes the proof of Theorem 1.2.2. 0
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